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This paper is devoted to studying stochastic parabolic evolution 
equations with additive noise in Banach spaces of M-type 2. We con¬ 
struct both strict and mild solutions possessing very strong regu¬ 
larities. First, we consider the linear case. We prove existence and 
uniqueness of strict and mild solutions and show their maximal regu¬ 
larities. Second, we explore the semilinear case. Existence, uniqueness 
and regularity of mild and strict solutions are shown. Regular depen¬ 
dence of mild solutions on initial data is also investigated. Finally, 
some applications to stochastic partial differential equations are pre¬ 
sented. 

1. Introduction. We study the Cauchy problem for a stochastic parabolic 
evolution equation 



dX + AXdt = [Fi{t) + F2{X)]dt + G{t)dW{t), 0<t<T, 

A(0) = I 


in a complex separable Banach space E with norm || • || and the Borel cr- 
field 13{E). Here, W is a cylindrical Wiener process on a separable Hilbert 
space H, and is defined on a complete filtered probability space (H, , P); 

G{t),0 < t < T, are 7 -radonifying operators from H to E] Ei and E 2 are 
measurable functions from {ULtiFt) and {Qx E,F x B{E)) into {E,B{E)), 
respectively (where Hr = [ 0 , T] x H and Vt is the predictable cr-field on 
Hr); and A is a densely defined, closed linear operator which generates an 
analytic semigroup on E. 

It is known that many interesting models introduced from the real world 
can be formulated by deterministic linear or nonlinear evolution equations 
of parabolic type. These equations generally generate not only a dynamical 
system but also enjoy a global attractor even a finite-dimensional attractor. 
Existence of such an attractor then suggests that the phenomena whose 
processes are described by these parabolic evolution equations enjoy some 
robustness in a certain abstract sense. Some may be the pattern formation 
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and others may be the specific structure creation. In these cases, robustness 
of final states of process is one of main issues to be concerned. It is therefore 
quite natural in order to investigate the robustness to consider stochastic 
parabolic evolution equations. 

Stochastic parabolic evolution equations have already been studied since 
1970s. The main interest was to construct unique mild solutions, see Brzezniak 
[1], Da Prato-Zabczyk [10], van Neerven et al. [29], and references therein. 
Some researchers, however, were devoted to constructing stronger solutions, 
strict solutions. 

Da Prato-Zabczyk [10] presented a theory of stochastic equations in in¬ 
finite dimensions. In the framework where the space Pi is a Hilbert space, 
VP is a Q-Wiener process on H = E with a symmetric nonnegative nuclear 
operator Q in L{E), the authors studied the linear of (1.1), i.e. 


dX+ AXdt = F{t)dt + IdW{t), 0<t<T, 
X{0) = 


where E is progressively measurable and integrable process on [0, T], and I 
is the identity operator in E. Under the conditions; 

(i) The trace of Q is hnite, 

(ii) A^Q 2 for some ^ < /3 < 1 is a Hilbert-Schmidt operator, 

existence of strong solutions to (1.2) has been shown. Clearly, the condition 
(ii) is very restrictive. In the case of standard Brownian motions in Q 
becomes the identity matrix of size d. Then, (ii) implies that H is a bounded 
linear operator. 

Brzezniak [l]-[5] constructed a theory of stochastic partial differential 
equations in Banach spaces of M-type 2. In [1], the author treated a stochas¬ 
tic linear evolution equation 


dX + AXdt = E{t)dt + Yfj=i BjXdw^it), 0<t<T, 

x{o) = e 


in an M-type 2 separable Banach space E. Here A is as above, E is progres¬ 
sively measurable and square integrable process on [0,T], Bj{j = 1,... ,d) 
are unbounded linear operators in E, and w^{j = 1,... ,d) are independent 
standard Brownian motions. It has been assumed that 


E 

i=i 


\BjU 




u € D(H), 
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where Dyi(^, 2 ) = {rt € -E; /q°° < 00} and that 

^ GL2(Q,P^(i,2)). 

Existence of a unique strict solution to (1.3) has been then proved in the 
space: 

X € L^i[0, T] X Q; V{A)) n C7([0, T]-L\n- Va{\, 2))). 

In addition, regularity of mild solutions is also presented. Under the con¬ 
ditions: 

(i) X-^GGMP([0,r];L([/;E)) 

(ii) < 00 

(hi) Fi € A4^{[0, T];'D{A°‘~^)) for some 0<(5<7<(5-|-i< min{a, ^ —/?} 
and p > 2, where X1^([0, T]; <S) is the space of all progressive measur¬ 
able functions u from [0,T] to <S such that 


E 


/ ll^('S)ll5'^^ < 00 , 
Jo 


existence of a unique mild solution to (1.3) has been proved in the space: 


X G 7WP([0,r];X)(XT')) nLP(Q;C([0,T];P(P)). 


The equation (1.1) is already considered in [2]. Under the local Lipschitz 
condition on F 2 

(1.4) \\F2{u) - X2 (u)||x>(a—1 ) < C\\u - 

for some 0 < < 1, existence of maximal local mild solutions of (1.1) has 

been shown. 

van Neerven et al. [26] constructed a theory of stochastic integration in 
UMD Banach spaces. The authors then systematically studied stochastic 
evolution equations in UMD Banach spaces (see [27]-[31] and references 
therein). 

A theory of abstract (deterministic) parabolic evolution equations was 
introduced by Yagi [35]. In this theory, strict solutions to the deterministic 
version of (1.1) (i.e. G = 0 on [0, T]) were investigated. For the linear case 
(i.e. F 2 = 0), when Fi belongs to a weighted Holder continuous function 
space Xl^'^((0,T];E)) (see the definition in Section 2) and G E is arbitrary, 
then existence of a unique solution was proved in the space (see [32]): 

X G Ci((0, T]-E)n C([0, T]-E)n C((0, T];V{A)). 
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Furthermore, the author obtained the maximal regularity for both initial 
value ^ e 'D{Af^) and external force function Fi G E) (see [33]- 

[35]): 

A^X G C([0,T];E), 

For the semilinear case {E 2 ^ 0), in [19] it was assumed that ^ G T>{A^),Ei G 

{{0,T];E). In addition, E 2 is a nonlinear operator from T>{A^) into E 
and satisfies a Lipschitz condition of the form 

\\E2{u)-E2{v)\\<^{\\Af^u\\+A^v\\) 

X [WA'^iu - u)|| + {\\A^u\\ + ll^^ull)ll^^(w - u)ll], u,ve V{A^), 

where 0</3<r/< 1,0<(T< min{/3,1 — rj} and is some increasing 
function. Existence of a unique local solution was then proved in the function 
space: 

X G C((0, fy,v{A)) n C([0, fy,v{Af^)) n ci((o, fys), 

rlX 

— ,^XG-F^’"((0,f];E), 

where T depends only on norms j|Fijj_p/3.CT and 

In this paper, we want to extend the techniques of [35] to the stochastic 
equation (1.1). Although we only treat additive noise, we construct both 
strict and mild solutions possessing very strong regularities. In some cases, 
these regularities are maximal. 

Our contribution is twofold. First, we handle the linear case of (1.1). Exis¬ 
tence of a unique strict solution as well as its maximal space-time regularity 
are proved. Maximal space-time regularity of mild solutions is also shown. 

Second, we treat (1.1) in general. By using the fix-point method, we prove 
existence and uniqueness of a local mild solution, which is defined on an 
interval [0, T] C [0,T], where T > 0 is a nonrandom constant. (Note that 
another common way to prove existence of mild solutions is to use the cut¬ 
off method. This method however results in that local mild solutions are 
dehned on [0, r), where r is a stopping time (see [2, 27])). Based on solution 
formula, we give a sufficient condition for existence of a unique global strict 
solution to (1.1). In addition, regularity and regular dependence on initial 
data of local mild solutions are also investigated. 

Eor this current research, we use semigroup methods, which takes idea 
from ones for (deterministic) parabolic evolution equations. More precisely, 
the methods have been initiated by the invention of the analytic semigroups 
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in the middle of the last century (see Hille [17] and Yosida [36]). The semi¬ 
group methods are characterized by precise formulas representing the solu¬ 
tions of the Cauchy problem for stochastic evolution equations. 

The analytical semigroup S{t) = generated by the linear operator 
(—^) directly provides a mild solution to the Cauchy problem for a stochastic 
linear evolution equation 

dX+ AXdt = F{t)dt + G{t)dW{t), 0<t<T, 

Y(0) = e 

The solution is given by the formula 

S{t- s)F{s)ds+ [ S{t- s)G{s)dW{s). 

Jo 

Similarly, a solution to (1.1) can be obtained as a solution of an integral 
equation 

X{t) = S{t)^+ f S{t-s)[Fi{s) + F 2 {X{s))]ds+ f S{t-s)G{s)dW{s). 
Jo Jo 

These solutions formulas provide us important information on solutions 
such as uniqueness, regularity, smoothing effect and so forth. Especially, 
for nonlinear problems one can derive Lipschitz continuity of solutions with 
respect to initial values, even their Frechet differentiability. This powerful 
approach has been used for the study of stochastic evolution equations in 
Hilbert spaces. Some early work has been proposed by Curtain-Falb [6], 
Dawson [11]. After that, there are many papers and monographs following it. 
We refer for instance to [l]-[5], [7]-[10], [14], [21]-[31], and references therein. 

The organization of the paper is as follows. Section 2 is preliminary. We 
introduce notions such as weighted Holder continuous function spaces, an¬ 
alytical semigroups, cylindrical Wiener processes, strict and mild solutions 
to (1.1). 

Section 3 deals with the linear case of (1.1), i.e. F 2 = 0 in E. We prove 
existence of unique strict solutions (Theorems 3.2 and 3.3), provided that Fi 
and G belong to weighted Holder continuous function spaces. Maximal regu¬ 
larity of strict solutions is then presented (Theorem 3.4). Maximal regularity 
of mild solutions is also shown (Theorem 3.5). 

Section 4 studies the general case of (1.1). Existence, uniqueness and 
regularity of strict and mild solutions are proved (Theorems 4.2, 4.3 and 
4.4). Regular dependence of mild solutions on initial data is also shown 
(Theorem 4.6). 

In Section 5, we present some examples of stochastic partial differential 
equations (PDFs) to illustrate our abstract results. 


x{t) = sm+ f 

Jo 
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2. Preliminary. 


2.1. Function spaces and analytical semigroups. First, let us review some 
notions of function spaces. For 0 < a < (3 < 1, denote by T]; Fi) 

the space of all Fi-valued continuous functions F on (0, T] with the following 
three properties: 

(i) 

(2.1) t^~^F{t) has a limit as t —>■ 0. 


(ii) F is Holder continuous with exponent a and weight ^ 


( 2 . 2 ) 


sup 

0<s<t<T 


,i-/3+>.||F(t)-F(s)|| 
{t - sY 


= sup sup 

0<t<T0<s<t 


Y-d+Y\Fit) - Fis)\\ 
{t - sY 


< oo. 


(hi) 


(2.3) 


lim wpit) = 0, 


„1-/3+<t|| 


where writ) = supo<^<i 
It is easy to see that {{0,T]; E) is a Banach space with norm 

sup_fi-<’||F(t)||+ sup _ 


0<t<T 


0<s<t<T 


The space {{0,T]-, E) is called a weighted Holder continuous function 
space that is introduced by Yagi (see [35]). Clearly, for F G {{0,T]; E), 


(2.4) 

and 


||T(t)|| < 0<t<T, 


(2.5) \\E{t) - E{s)\\ <WF{t){t - sYs^ ^ 

— Il-^ll — sY ^ T. 

In addition, it is not hard to see that 

(2.6) J^'^((0,T];F;) C .F^’‘"((0,r];.F), 0<a</3<7<l. 






STOCHASTIC PARABOLIC EVOLUTION EQUATIONS 7 

Remark 2.1. (a) The space T]; E) is not a trivial space. The 

function F defined by F{t) = < t < T, belongs to this 

space, where / is any function in C^{[0,T]-, E) such that /(O) = 0, 
where is the space of cj-Hdlder continuous functions. 

(b) The space h\]E), 0 < a < 6 < cx), is defined in a similar way. 

For more details, see [35]. 

Next, let us recall the notion of sectorial operators and some properties 
of analytical semigroups generated by them. 

A densely defined, closed linear operator A is said to be sectorial if it 
satisfies two conditions: 

(Aa) The spectrum cr{A) of A is contained in an open sectorial domain 

(t{A) C Sro = {A G C : I arg A| < w}, 0 < w < —. 

(Ab) The resolvent of A satisfies the estimate 

||(A-A)-i||<^, A^S^ 

with some > 0 depending only on the angle w. 

When A is a sectorial operator, it generates an analytical semigroup. 

Theorem 2.2. Let A be a sectorial operator. Then, (—A) generates an 
analytical semigroup S{t) = e“*^,0 < t < oo, having the following proper¬ 
ties: 

(i) For any 9 > 0, there exists ie > 0 such that 

(2.7) \\A^S{t)\\<Let~^, 0<t<oo. 

In particular, there exists > 0 such that 

(2.8) ll'S'(t)|| < 0 < f < oo. 

(ii) For any 0 < 9 <1, 

(2.9) \\[S{t)-I]A-^\\<‘^t^, 0<t<oo. 

u 

(hi) For 0 < (7 < /3 < 1 and U G V{A^), 

(2.10) AS{-)U G F^'^{{td,T]-E). 


For the proof, see [35]. 
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2.2. Cylindrical Wiener processes. Let us review a central notion to the 
theory of stochastic evolution equations, say cylindrical Wiener processes on 
a separable Hilbert space H. The following definition is given by Curtain- 
Falb [6]. 

Definition 2.3. Let Q be a symmetric nonnegative nuclear operator in 
L{H). An iL-valued stochastic process W defined on a filtered probability 
space (DjT', is called a Q-Wiener process if it satisfies the conditions: 

(i) W(0) = 0 a.s. 

(ii) W has continuous sample paths. 

(iii) W has independent increments. 

(iv) The law of W{t) — VL(s),0 < s < t, is a Gaussian measure on H with 
mean 0 and covariance Q. 

Note that a nuclear operator is a bounded linear operator with finite trace. 
Here, the trace of Q is defined by 


Tr{Q) = '^{Qei,ei), 

i=l 


where is a complete orthonormal basis in H. 

Let fix a larger Hilbert space Hi such that H is embedded continu¬ 
ously into Hi and the embedding J: H —)■ Hi is Hilbert-Schmidt (i.e. 

< oo). For example (see Hairer [15]), one takes Hi to be 
the closure of H under the norm 


\\h\\Hi 


1 



For any hi ^ Hi, 

{jremM)H, = {rem,rhi)H 

oo oo 

= (y~! ek)H, ek{J*hi,ek)H)H 

k=l k=l 

oo 

= '^{J*em,ek)H{J*hi,ek)H 

k=l 

OO 

= Jek)Hi{hi,Jek)Hi 

k=l 
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= ek)Hijhl, Bk)Hi 

k=l 

— Il^m IIhi (^1 ? 

= -^{hi,em)Hi, m = 1,2,... 

Thereby, JJ^Cm = for m = 1, 2,... Therefore, 

oo oo 

Tr{jr) = y^iJrem.em) = I" A < 

m=l m=l 

Thus, JJ* is a nuclear operator. The following definition is taken from Da 
Prato-Zabczyk [10] (see also Hairer [15]). 

Definition 2.4. An i^i-valued JJ*-Wiener process is called a cylindri¬ 
cal Wiener process on H. 

Remark 2.5. There is another way to define cylindrical Wiener pro¬ 
cesses. One can define a cylindrical Wiener process as the canonical process 
for any Gaussian measure with Cameron-Martin space. For more details, see 
Hairer [15]. 

2.3. Stochastic integrals in Banach spaces of M-type 2. 

Definition 2.6 (Pisier [20]). A Banach space E is said to be of martin¬ 
gale type 2 (or M-type 2 for abbreviation), if there is a constant c{E) such 
that for all Fi-valued martingales it holds true that 

supElJM^f < c{E)y2nMn - 

n>0 

where M_i = 0. 

It is known that Hilbert spaces are of M-type 2 and that, when 2 < p < oo, 
the space is the same. 

When E is of M-type 2, stochastic integrals with respect to cylindri¬ 
cal Wiener processes can be constructed in a quite similar way as for the 
usual Ito integrals. There are several literature dealing with this subject 
(see Brzezniak [1, 2], Dettweiler [12, 13], van Neerven et al. [16, 27]). Let us 
explain the construction. 

Let VF be a cylindrical Wiener process on a separable Hilbert space H, 
which is defined on a filtered probability space (D, J-”, J-)) E)- 
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Definition 2.7. Let (S', S) be a measurable space. 

(i) A function ip: S ^ E is said to be strongly measurable if it is the 
pointwise limit of a sequence of simple functions. 

(ii) A function (p: S ^ L{H;E) is said to be 77-strongly measurable if 
(p{-)h: S ^ E is strongly measurable for any h ^ H. 


Definition 2.8 (y-radonifying operators). (i) Let {7n}^i be a se¬ 

quence of independent standard Gaussian random variables on a prob¬ 
ability space (D', Let {en}^^i be an orthonormal basis of H. 

A bounded linear operator cp from 77 to Li is called a y-radonifying 
operator if the Gaussian series Yl'^=iln(pe-n converges in Lp‘{^',E). 
(ii) The set of all y-radonifying operators is denoted by y(77; E). 


According to Definition 2.8, a natural norm in y(77; E) is defined by 




oo 2-1 i 

E'll J^yn0e„|| 

n=l 


It is easily seen that the norm is independent of the orthonormal basis 
{en}^=i and the Gaussian sequence {yn}^i- Furthermore, the normed space 
(y(i7; E), || • \\.y(^H;E)) is complete (see [26, 27]). The following lemma is used 
very often. 


Lemma 2.9. Let cpi G L[E) and (p2 G ^{H]E). Then, (pi(p2 G 'y(H;E) 
and 

\\(pl(p2\\'y{H-,E) < II</>i||l(E)I|02||7(H;E)- 

Definition 2.10. Denote by T^([0, T]) the class of all adapted processes 
(p: [0,r] X Q ^ 'y{H-,E) in L^((0,T) x D;y(77;£')), which are 77-strongly 
measurable. 

For every (p G Z^([0, Tj), the stochastic integral <p{t)dW(t) is defined 
as a limit of integrals of adapted step processes. By a localization argument 
one can extend stochastic integrals to the class X([0, Tj) of all 77-strongly 
measurable and adapted processes (p: [0,T] x D ^ •^{H;E) which are in 
L2((0,T);y(77;F;)) a.s. (see [26, 27]). 


Theorem 2.11. Let E be a Banach spaee of M-type 2. Let W be a 
cylindrical Wiener process on a separable Hilbert space H. Then, there exists 
c{E) > 0 depending only on E such that 


E 


/’ 


(p{t)dW{t) ^ c(£')||(^||^2((q £ 2i^([0! F]), 
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here ll</>lli2((o t)xU' 7 (h-e)) addition, for every (j) e 

mo,T]), 

(i) {/q 0(s)(iVF(s), 0 < t < T} is an E-valued continuous local martingale 
and a Gaussian process. 

(ii) (Burkholder-Davis-Gundy inequality) For any p > 1, 


E sup 
te[o,r] 


f 


(f){s)dW{s) 


p 





P 

2 


where Cp{E) is some constant depending only on p and E. 


For the proof, see, e.g., [2, 3, 18]. 


Lemma 2.12. Let B be a closed linear operator in E and cj): [0,T] C 
M.^"f{H;E). Iff) and Bcj) belong to then 

[ B(j){t)dW{t) a.s. 

0 

The proof of Lemma 2.12 is very similar to one in Da Prato-Zabczyk [10]. 
So, we omit it. 

The Kolmogorov continuity theorem gives a sufficient condition for a 
stochastic process to be Holder continuous. 


B [ ct){t)dW(t) 
Jo 


Theorem 2.13. Let ( be an E-valued stochastic process on [0,T]. As¬ 
sume that for some c > 0 and e* > 0 (i = 1,2), 

(2.11) E||C(t)-C(s)ir' < o<s,t<r. 

Then, ( has a version whose ¥-almost all trajectories are Holder continuous 
functions with an arbitrarily smaller exponent than 

When is a Gaussian process, one can weaken the condition (2.11). 

Theorem 2.14. Let ( be an E-valued Gaussian process on [0,T] such 
that EC(t) = 0 for t > 0. Assume that for some c > 0 and 0 < e < 1, 

E]|C(t) - C(s)f < c{t - s)^ 0 < s < t < T. 

Then, there exists a modification of ( whose '¥-almost all trajectories are 
Holder continuous functions with an arbitrarily smaller exponent than |. 

For the proofs of Theorems 2.13 and 2.14, see, e.g., [10]. 
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2.4. Strict and mild solutions. Let us restate the problem (1.1). Through¬ 
out this paper, we consider (1.1) in a complex separable Banach space E of 
M-type 2, where 

(i) ^4 is a densely defined, closed linear operator in E. 

(ii) VL is a cylindrical Wiener process on a separable Hilbert space H, and 
is defined on a complete filtered probability space (fl, J't,P). 

(hi) El is a measurable process from (H^jT’t) to {E,B{E)). 

(iv) E 2 is a measurable function from {Q x E,E x B{E)) to {E,B{E)). 

(v) G G Z^([0,T]), where X^([0,T]) is given by Definition 2.10. 

(vi) ^ is an ill-valued J^o-™easurable random variable. 


Definition 2.15. A adapted Ll-valued continuons process X on [0, T] 
is called a strict solution of (1.1) if 

rT 

" ~ " " is < 00 a.s.. 


< 00 


and 


[ ll^2(A(s))||d 

io 

X{t) € V{A) and [ AX{s)d. 

Jo 

X{t) =i- f AX{s)ds+ [ [Ei{s) + F 2 {X{s))]d. 
Jo Jo 

+ [ G{.s)dW{ 

Jo 


a.s., 0 < t <T, 


a.s., 0 < t <T. 


Definition 2.16. A adapted ill-valued continuous process X on [0, T] 
is called a mild solution of (1.1) if 

f-T 

' ~ . is < 00 a.s.. 


f \\S{t-s)E 2 {X{s))\\ds 
Jo 


and 


Xit) =Sm + S{t- s)[Eiis) + F 2 {X{s))]ds 


+ 


f S{t-s)G{s)dW{s 
Jo 


a.s., 0 < f < T. 


A strict (mild) solution X on [0, T] is said to be unique if any other strict 
(mild) solution X on [0, T] is indistinguishable from it, i.e. 

P{X(f) = X{t) for every t G [0, T]} = 1. 


Remark 2.17. A strict solution is a mild solution ([10]). The inverse is 
however not true in general. 
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3. Linear evolution equations. In this section, we handle the linear 
case of the problem (1.1), i.e. i ^2 = 0 in E. Let us rewrite (1.1) as 


dX + AXdt = Fi{t)dt + G{t)dW{t), 0<t<T, 

x{o) = e 


First, we study strict solutions to (3.1), where Fi and G are taken from 
weighted Holder continuous function spaces. This kind of solutions is con¬ 
structed in Theorem 3.3 on the basis of solution formula. Maximal regularity 
of strict solutions are shown in Theorem 3.4. Second, we give maximal reg¬ 
ularity of mild solutions to (3.1) in Theorem 3.5. 

Suppose that Fi belongs to a weighted Holder continuous function space: 

(FI) For some 0 < cr < /? < |, 

Fi G T'^’'^((0,r];£’) a.s. and E||Fi< oo. 

And G satisfies one of the following conditions: 

(Ga) For some 1 — (3 < 6 < 1, 

A^G € .T^+^’'"((0, T]; 7 (H; E)) a.s. 


and 


<oo. 


(Gb) 


GG.F/'+i"((0,r];7(H;E)) 


E||G1| 




a.s. and 
< oo. 


Remark 3.1. The spatial regularity of G in (Ga) is essential for our 
construction of strict solutions. For existence of mild solutions, it is not 
necessary. In fact, for mild solutions, only temporal regularity, say (Gb), is 
required. 


3.1. Strict solutions and maximal regularity. First, let us prove unique¬ 
ness of strict solutions. 


Theorem 3.2 (Uniqueness). Let A satisfy (Aa) and (Ab). If there exists 
a strict solution to (3.1), then it is unique. 
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Proof. Let X and X be two strict solutions of (3.1) on [0, T]. Put Y(t) = 
X{t) — X(t),0 < t <T. From the definition of strict solutions, we observe 
that 

(Y{t) = -jQAY{s)ds, 0<t<T, 

|y(o) = o. 

Since ^ = —AY{r) and = AS{t — r) for 0 < r < t < T, it is easily 

seen that 

dS(t - r)Y(r) 

—^ ^ ^ =0, 0 < r < t < T. 

dr 

This implies that S{t — ■)Y{-) is a constant on (0,t). Hence, 

S{t — r)Y (r) = lim S'(t — r)Y (r) = 0, 0 < r < t < T. 

r^t 

Since Y is continuous at t = 0 and Y (0) = 0, 

Y (r) = lim S{t — r)Y{r) = Y{r), 0 < r <T. 

t^r 

Thus, X = X a.s. on [0,T]. By the continuity, we conclude that X and X 
are indistinguishable. □ 

Second, let us construct strict solutions on the basis of solution formula. 

Theorem 3.3 (Existence). Let (Aa), (Ab), (FI) and (Ga) he satisfied. 
Then, there exists a unique strict solution X of (3.1). Furthermore, X pos¬ 
sesses the regularity 

AA e C((0,r];E) a.s. 
and satisfies the estimate 

(3.2) E||A(t)f+t^E||AA(t)f 

<c|Ei|{ip+ 

where C > 0 is some constant depending only on the exponents. 


Proof. Uniqueness of strict solutions has already been verified by Theo¬ 
rem 3.2. What we need is to construct a strict solution to (3.1) on the basis 
of solution formula. For this purpose, we divide the proof into several steps. 
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Step 1. Put 

(3.3) i^(t) = S{t)^+ [ S{t-s)Fi{s)ds. 

Jo 

Let us verify that 

heCi{0,Ty,V{A))nC{[0,Ty,E) 
and Ii satisfies the integral equation 

(3.4) Ii{t) + f AIi{s)ds = ^ + f Fi{s)ds, 0<t<T. 

Jo Jo 

Let An = A{1 + = 1,2,3,... , be the Yosida approximation of 

A. Then, An satisfies (Aa) and (Ab) uniformly and generates an analytic 
semigroup 5„(t) (see [35]). Furthermore, for any 0 < < oo. 


(3.5) lim AySn{t) = A'^S{t) (limit in L{E)). 

n—^oo 

In addition, there exists > 0 independent of n such that 


(3.6) 

Consider the function 


\\AySnm<^ut-^ 

\\AySn{t)\\<,,e-^'^^ 


ifi^>0,0<t<T 
if n = 0,0 < t < r. 


hn{t) = Sn{t)^ + f Sn{t - s)Ei{s)ds, 0 <t 

Jo 

Due to (3.5) and (3.6), 

lim Iin{t) = 0 < t < T. 

n—)-oo 

Since An is bounded, we observe that 

dhn = [-Anhn + Fi{t)]dt, 0 <t <T. 


< T. 


From this equation, for any 0 < e < T, 

(3.7) Iin{t) = /ln(e) + [Fl{s) - Anlln{s)]ds, 

We observe convergence of Anhn- We have 

Anhnit) =AnSn{t)C+ [ AnSn{t - s)[Fi{s) - Fi{t)]d6 

Jo 


0<€<t<T. 


16 


TON VIET TA 


+ [ AnSn{t - s)dsFi{t) 

Jo 

(3.8) =AnSnm+ [ Ar,Sn{t-s)[F,{s)-Fi{t)]ds + [I-Sn{t)]Fi{t). 

Jo 

Thanks to (2.4) and (3.6), 

Jo 

+ (l + ?oe ^ 

(3.9) =<^i + [1 + ?i5(/3 -a,a) + 

^ 0 < t < T, 

where is the beta function. Furthermore, due to (3.5) and (3.8), we 

have 


(3.10) 


lim Anhnit) = y{t), 

n^oo 


where 

Y{t) = AS{t)^ + f AS{t - s)[Fi{s) - Fi{t)]ds + [I - S{t)\Fi{t). 

Jo 

Let us verify that the function Y is continuous on (0, T]. Take 0 < to <T. 
By using (2.4) and (2.7), for t > to, we have 


rw-nio)ii 

<P5(to)[5(t - to) - /]el| + ||[/ - Sit)]Fi{t) -[I- 5(to)]Ti(to)|| 


+ 


+ 


+ 


[ AS{t - s)[Fi{s) - Fi{t)]ds 
Jto 

[° AS{t-s)ds[F,ito)-F,it)] 

Jo 

[ S{t- to)AS{to - s)[Fi{s) - Fi{to)]da 

Jo 

[ AS {to - s)[Fi(s) - Fi{to)]ds 

Jo 


<iit^^\\Sit - to)C - eil + ||[/ - 5(t)]Fi(t) - [I - 5(to)]Fi(to)|| 

+ r||7l5(t-s)||||Fi(s)-Fi(t)||ds 
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(3.11) 


+ \\[s{t-to)-smmo)-F,m 

+ [ ° \\[S{t - to) - I]ASito - s)[F,{s) - Fi(to)]lids 

Jo 

<t^t-^\\S{t - to)e - eil + Il[d - S{t)]F,{t) -[I- 5(to)]Fi(to)|| 
Jto 

+ ||5(t-to)-5(t)||||Fi(to)-Fi(t)|| 


rto 


+ ||5(t - to) -/|| / F\\Fi\\jrp,a^E){to - s)"" ^ds 


<iiq^\\S{t - to)e - eil + Il[/ - 5(t)]Fi(t) - [/ - 5(to)]Fi(to)|| 


+ 11-^1 II:f/5.‘^(a)^o 


( 3 —cr—l 


(t — s)*^ ^ds 


I to 


+ ||5(t-to)-5(t)||||Fi(to)-Fi(t)|| 

+ o||i^l||j-/3.-T(i?).B(/3 - cr,cr)t^“^||5(t - to) - /|| 

<oio"'ll>5(t - to)^ - eil + Il[/ - 5(t)]Fi(t) - [/ - 5(to)]Fi(to)|| 

0||.Fi||j-/3.<t(£;) /3-cr-l 


+ 


a 


\t-to)^ 


+ ||5(t-to)-5(t)||||Fi(to)-Fi(t)|| 

+ 0 11-^1 ||jF/3.a(£;).B(/3 - a,a)t^~^\\S{t - to) - /||. 


Thus, 


Similarly, we obtain that 


lim y(t) = y(to). 

t\to 


lim y(t) = y(to). 

t/'to 


Hence, Y is continuous at t = to and therefore at every point in (0, Tj. 
By the above arguments, we conclude that 


/i(t) = lim Iin{t) 
n—>-oo 

= H-iy(t), 


lim A^^Anhn{t) 

1 —)-oo 

0 < t < T. 
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This shows that Ii{t) G F{A) for 0 < t < T and 
(3.12) AIi=Y ^C{{Q,T]-E). 
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Furthermore, since Y is continuous on (0, T], /i = A is the same. The 
continuity of Ii at t = 0 can be seen as follows. By (2.4) and (2.8), 

f ||5(t - s)F,{s)\\ds < f ||5(t - .)||||Fi(.)||ds 
Jo Jo 

^ ^ds 

Jo 


(3.13) 

So, 


< 


l-o\\Fl\\TP^<’(E)t^ 

^ ■ 


lim / S{t — s)Fi{s)ds = ^. 


t —>^0 


This and (3.3) imply that 


limli(t) = limS'(t)^ = ^ = /i(0). 
t^o t^o 


Hence, 

/i GC([0,r];i?). 

It now remains to prove (3.4). It is seen that the integral Jg AIi{s)ds 
exists. Indeed, by virtue of (2.4), (2.7) and (2.8), 


[ ||[/-5(r)]Fi(r)||dr< [ ||/- 5(r)||||Fi(r 
Jo Jo 

<il + io)\\Fi\\TP’-{E) [ r^~^dr 
Jo 


and 


(r)||dr 

ft 


(1 + io)\\Fl\\jrl3,al^E)'''^ 


0 < f < T, 


ds 


f [\sis-r)[Fiir)-Fi{s)]dr 
Jo Jo 

< [ r \\ASis-r)\\\\F,{r)-Fi{s)\\drds 
Jo Jo 

<F\\Fi\\jri3,.^E) [ f {s-rf-^r^-^-^drds 

Jo Jo 

_ ''i||Ti||^/j,<.(E)B(^-cr,cj)t^ 


/3 


0<t<T. 
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These estimates show that the integrals S'(r)]Fi(r)hr and fj AS(s — 

r)[Ti(r) — Fi(s)]drds are finite for 0 < t < T. The finiteness of the integral 
IoAh{s)ds , 0 < t < T, hence follows from the equality: 

f AIi{s)ds = f Y{s)ds 
Jo Jo 

pt pt P S 

= / AS{r)Cdr+ / / AS{s - r)[Fi{r) - Fi{s)]drds 

Jo Jo Jo 

+ [ [I - S{r)]Fi{r)dr 

Jo 

=[I-S{t)]C+ [ r AS{s-r)[Fi{r)-Fi{s)]drds 

Jo Jo 

[ [I - S{r)]Fi{r)dr. 

Jo 


+ 


Thanks to (3.9), the Lebesgue dominate convergence theorem applied to 
(3.7) provides that 


(3.14) Ii{t) = Ii{e) + J^[Fi{s) — AIi{s)]ds, 0<e<t 

On the other hand, (3.3) and (3.13) give that 

lirn/i(e) = C- 

Letting e ^ 0 in (3.14), we arrive at the equation (3.4). 

Step 2. Put 


< T. 


(3.15) 


I^{t) = S{t- s)G{s)dWis). 

Jo 


Let us manifest that the stochastic convolution I 2 is well-defined on [0,T]. 
Indeed, by using (2.4), (2.8) and (Ga), 


l\\\S{t-s)G{s)f^^H;E)ds 

< f \\A-^S{t - s)\\E\\A^G{s)f^^H;E)ds 

J 0 

< [\l\\A-^\\E\\A^G\\ 

Jo 


(3.16) 


il\\A-^\\E\\A^G\\\. 




< 00, 


0<t<T. 
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Hence, I 2 is well-defined on [0, T], 

Step 3. Let us observe that I 2 satisfies the equation 

(3.17) l 2 {t)+ [ Al 2 {s)ds= [ G{s)dW{s), 

Jo Jo 

and for any 0<7</3-|-5 — 1, 

Al 2 €C^i[ 0 ,T]-,E) a.s. 


In particular, AI 2 and I 2 belong to C([0,r];£^) a.s. 

First, we prove (3.17). It follows from (2.7) and (Ga) that 


0<t<T, 


l\\\AS{t-s)G{s)f^^H,j,^ds 
< - s)fE\\A^G{s)f^^H.^j,^ds 

Jo 


£,2/3-1 


(3.18) 


and 




B{2p,25 


ds 


< 00 , 0 < t < T, 




I E||G(s)||? 

l\\A-^fE\\A^G{s)f^^j,.^E^ds 

f E||H^G|| 

Jo 

\\A-^fE\\A^G\W. 


< 


< 


2/3 


„ 1 ^ds 


< 00 , 


0<t<T. 


The stochastic integrals AS(t—s)G(s)dW(s) and G(s)dW(s) are there¬ 

fore well-defined on [0,T]. Lemma 2.12 then provides that 


Ah{t)= [ AS{t-s)G{s)dW{s), 
Jo 


0<t<T. 



STOCHASTIC PARABOLIC EVOLUTION EQUATIONS 


21 


Using the Fubini theorem, we have 


A 


/*t /*t /*S 

/ l2{s)ds = / / — ri)G(tt)(ibF(tt)(is 

Jo Jo Jo 

= 11 AS{s-u)G{u)dsdW{u) 

Jo J u 

= [ [G{u) - S{t - u)G{u)]dW{u) 

Jo 

= [ G{u)dW{u)- [ S{t-u)G{u)dW{u) 
Jo Jo 

= [ G{u)dW{u) - hit), 0<t 
Jo 


< T. 


This means that h satisfies (3.17). 

Next, we prove the Holder continuity of Ah on [0, T] by using the expres¬ 
sion: 


Ah{t) - Ahis) = j ASit - r)G{r)dW{r) 

+ [ A[S{t-r)-Sis-r)]Gir)dWir), 0<s<t 

Jo 


< T. 


Since the integrals in the right-hand side of the latter equality are indepen¬ 
dent and have zero expectation, 

E\\Ahit)-Ah{s)f 

=E f A^-^Sit-r)A^Gir)dWir) ^ 

J S 

+ E [ A^-^[Sit-r)-Sis-r)]A^Gir)dWir) ^ 

Jo 

J S 

+ c{E) E||H^-'^[5(f - r) - Sis - r)]A^Gir)\\^^^^.^dr 

ME) - r)||2E||H^G(r)||2(^^^)dr 

+ ciE) r\M-^[Sit-r)-Sis-r)]f 

Jo 


X E||H'^G(r)0 < s < f < 


T. 
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Then, (2.4), (2.7) and (2.8) give 
EWAhit) - Ah{s)f 

<4-.E||T0||1.,.,. 







t—r 


A^-^S{u)du 


r^P-^dr 


1 d 11 ^, 3 +^, 




j\t-rfi^-^\r-sfP-UT 
^-^dufr^P-^dr 


s y rt—r 


Jjt-rfiS-D^r-sff^-^dr 


=lI_sE\\A^G\\‘^ 

1 d 11^^+^,a 

+ 4_sE\\A^G\\\.i [ ( [ u^-^duVr^^-^dr 

5(2/3,25 - l)(t - s)2(/3+5-i) 


5^ll2 


+ 4_sE\\A^G\\ 


X r‘^^~^dr, 


s , rt—r . 2 

u^~‘^du 


0 < s < t < T. 


By dividing 5 — 2 as 5 — 2 = —/3 + /3 + 5 — 2, 


< f (s — r) “^du 

—r ' ^ J s—r 


Hence, 


_ ( _ 3-2/3 

^ ^ (/3 + 5-l)2 

’ (^ + 5-1)2 • 


E||H/2(i)-4l/2(s)f 


H(2/3,25 - l)(i - .)2(/^+^-i) 


+ _ J-^+^-(7(H;i3)) /■ . ._2/3^2/3-1^^ 

+ (f< + «-l)= io' ' 

X (t - s) 2 (d+ 5 -l) 
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(3.19) 


if 5(2/3,2(5-1) 




+ 


5(2/3,1-2/3) 


(/3 + 5-l)2 
X (i - 0<s<t<T. 

On the other hand. Theorem 2.11 provides that AI 2 is a Gaussian process 
on [0,5]. Thanks to (3.19), Theorem 2.14 applied to the Gaussian process 
AI 2 gives that for any O< 7<;0 + (5 — 1, 


A/2 €C^([0,T];5) 


a.s. 


As a consequence, A /2 and then I 2 = A ^A /2 belong to C([0,T]; E) a.s. 
Step 4. Let us prove that 


(3.20) E||/i(t)f+E||/2(t)||' 


<2i§e-2^*E||.ef + 




/32 


+ 


c(5)t2||A-^||2E||A^G|P 1 ^2/3 

2/3 


0 < t < 5. 


Thanks to (2.8) and (3.13), 

||/i(t)||<||5(t)^||+ f\\S{t-s)F,{^ 
Jo 

<Oe-"1e|| + 

Hence, 

E||/i(t)||2<2.2g-2.i]E||^||2^ 

On the other hand, by (3.16), 

E||/ 2 (t)f < c(5) ||S(t - s)G{s)f^(^H;E)ds 




2.2E||5i||^,,.(^)t2/3 

/32 


0 < t < 5. 


0<t<T. 


< 


c(5)i2||A-^||2E||A'5G||2 . t2/3 

2)5 ^ 


0 < t < 5. 


Gombining the above inequalities yields (3.20). 
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Step 5. Let us prove that 

(3.21) E\\Ah{t)f +E\\Al2{t)f 
<2?2E||^ft-2 

+ 2[1 + - u, u) + ?oe-^°']2E||Fi 

+ 5 ( 2 / 3 , 2<5 - 0<t<T. 

On account of (3.9), (3.10) and (3.12), it is easily seen that 

\\Ah{t)\\ <?i||CI|i“^ + [1 + ?i5(/3 - cr,a) + ?oe"‘^°*] 

^ 11-^1 0 < t < T. 

Therefore, 

E\\Ah{t)\\^ <2?fE||e|pt-' + 2[1 + ?i5(/3 - u,u) + 

xE||Fi||^;,,.(g)t2(/3-i)^ 0<t<T. 

On the other hand, (3.18) gives 
E\\Ah{t)f 

<c{E)l\\\AS{t-s)G{s)f^^H;E)ds 

< 5 ( 2 / 3 , 2<5 - l)t^^d+s-i} ^ 0<t<T. 

Combining the above inequalities, it derives (3.21). 

Based on Steps 1 and 3, we conclude that X = Ii + /2 is a strict solution 
of (3.1) possessing the regularity 

AX £C{{0,T]-,E) a.s. 

In addition, it is easily seen that (3.2) follows from Step 4 and Step 5. This 
completes the proof. □ 

Finally, let us show the maximal regularity of strict solutions for more 
regular initial value, say ^ S 2?(A^). 

Theorem 3.4. Let (Aa), (Ab), (FI) and (Ga) be satisfied. Assume that 
^ G V{A^) a.s. Then, the strict solution X of (3.1) has the space-time 
regularity 


X GC([0,r];T>(A^))nC^i([0,r];.F) 


a.s. 
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AX eC'^^{[e,T];E) a.s. 

for any 0< 71 </?, 0< 72 </? + (5 — 1,0< 72 <cr and 0 < e < T. In 
addition, X satisfies the estimate 


(3.22) 


E\\A(^X{t)f 


+ E|p^G|| 


.F' 


■ 13 + 






with some C > 0 depending only on the exponents. 


0<t<T 


Proof. We divide the proof into several steps. 

Step 1. Let us show that A^X = A^fi + ^ 4^/2 G C([0,T];E) a.s., where 
Ii and I 2 are defined by (3.3) and (3.15). Indeed, Step 1 and Step 3 of the 
proof of Theorem 3.3 give that 

A^h= A^-^AIieC{fi),T]-E) a.s., 

and 

A^h = A^-^Ah G C([0,T];E) a.s. 

It suffices to verify the continuity of A^fi at t = 0. 

Since S{-) is strongly continuous, 

lim |P^S(f)C - Af^iW = lim \\[S{t) - I]A^^\\ = 0. 


Therefore, A^S{-)f, is continuous at t = 0 . 

In the meantime, by the property of the space {{0,T]; E), we may 
put z = limt_>.o t^“^Ti(f). Then, 


A^ 


< 



S{t — s)Ei{s)ds 

t 

A^S{t - s)[Ei{s) - Ei{t)]ds 

t 

Af^S{t - s)[Ei{s) - Ei{t)]ds 
|pP(t-s)||||Fi(f)-Fi(s)||ds 


+ 

+ 


+ - S{t)]AP-^[fi-^Ei{t) - z 

+ \\t^-^[I - S{t)]A^-^z\\. 


A^S{t- s)Ei{t)ds 


Jo 

[I-S{t)]A^-^Ei{t) 
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Thereby, (2.3), (2.7) and (2.9) imply that 


lim sup 


[ S{t - s)Fi{s)di 

Jo 


<10 lim sup / {t — s] 

t —^0 J 0 


-/3 


\\F^{t) - F^{s)\\ds 


+ lim sup ||t^ ^Fi{t)-z\\ 
1 — P t^o 

+ limsup||t^-n/-P(t)]^^"^2| 

t^o 


i^o Jo [t - sr 


s^-d+^\\Fi{t) - Fi{s) 
it - sY 


+ lim sup ||t^ ^Fi{t)-z\\ 

1 — P t^o 

+ limsup - P(t)]^^"^^|| 

t^o 

<ipB (P — (T, 1 — P + u) lim sup sup 

t —^0 sG[0,t) 

+ limsup - 5(t)]^^-iz|| 

t —>-0 

= limsup - S(t)]^^-i 2 ||. 

t —>-0 

Since V{A^) is dense in H, there exists a sequence {zn}^i in V{A^) that 
converges to z as n —> oo. Hence, by using (2.9), 


lim sup 

t —^0 


A^ [ S{t-s)Fi{s)di 

Jo 


<limsup||t^ ^[I — S{t)]A^ ^{z — Zr, 


t —^0 


+ lim sup \\t^ — *5(0]^ ^A^Zn 


t —>^0 


<■ 


i/3 


1-P 

^/3 

l-P 


\z — Zn\\ + io limsupt^||^^z„ 


U; - Zr, 


t —^0 

n = 1,2,... 


Letting n to oo, we arrive at 


lim A^ f 

Jo 


S{t — s)Fi{s)ds = 0. 
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This means that fg S(- — s)Fi(s)ds is (right) continuous at t = 0. Because 

= A^S(t)^ + / S(t - s)Fi(s)ds, 

Jo 

we conclude that A^Ii is continuous at t = 0. 

Step 2. Let us show that 


Ji € C^([0,r];^) a.s. 

Let 0 < s < t < T. From (2.7), (2.8), (3.3) and (3.4), 


\\h{t) - h{s)\\ 

Fi{u)du — J AIi{u)d' 

rt rt pt pu 

/ Fi{u)du — / AS{u)idu — / / AS{u — r)Fi{r)drdu 

tJ s s t/St/O 


pt pu 

[Fi{u) — AS{u)^]du + / AS{u — r)Fi{u)dr 

Js Jo 

pt pu 

+ / / AS{u — r)[Fi{u) — Fi{r)]dr du 

Js Jo 

(3.23) < f [Fi{u) — AS{u)^]du + f ||[/— 5(tt)]Fi(n)||(in 


du 


< 


+ f f \\AS{u - r)\\\\Fi{u) - Fi{r)\\drdu 
Js Jo 

[||Ti(n) - A5(n)^|| + (1 + io)||i^i('w)||]d'w 

n u 

{u - r)“^||Fi(u) - Fi{r)\\drdu 


(3.24) =Iii{s,t) + Ii 2 {s,t). 


We estimate In and I 12 as follows. Since ^ G V{A^) a.s., 

A5(-)? G J^^’‘"((0,T];E) a.s. (see (2.10)). 

So, 

Fi- ASieF^’^{{Q,T]-E) a.s. 

By (2.4), 

Iii{s,t) < f [\\Fi — AS^\\jri3,a(^E'^u^ ^ + 11-^1 ^]du 
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(3.25) 


< 


11-^1 “ + 11-^1 II + ^o) 

11-^1 “ + 11-^1 II J'/5.'^(E)(1 + ''o) 


/3 


it - sY 


a.s. 


In the meantime, (2.4) gives 

/.(M) f 

Js Jo {u-rY 

<ti||i^i||;r/3,a(^) ^ j {u- rY~^rt^~'^~^drdu 

=ti\\Fi\\jrp,a(^E) j (1 - vY~^vt^~'^~^dvdu 


(3.26) 


=ti\\Fi\\jrp,.(^E)Bi/3 - a,a) ^ 

i'i\\F'i\\Ef^,-{E)Bi/3 - a,a) ^_^p 

Li\\Fi\\jrp,.rE,B{P - a,a) 

< -^- it-sf 


du 


a.s. 


In view of (3.24), (3.25) and (3.26), we conclude that Ii is /3-Holder con¬ 
tinuous on [0,T]. 

Step 3. Let us verify that for any 0 < 71 < /3, 


/2 gCT'MIO,^];^) 


a.s. 


We notice the expression 


hit)-his) =[ S{t-r)G{r)dW{r) 

J S 

+ f [S{t — r) — S{s — r)]G{r)dW{r), 0 <s<t 

Jo 


< T. 


Since the integrals in the right-hand side of the latter equality are indepen¬ 
dent and have zero expectation, 

E||/ 2 (t)-/ 2 (.)f 

pi 


=E 


S{t - r)G{r)dW{r] 


+ E 


[ [5(f - r) - S{s - r)]G{r)dW{r) 

Jo 


2 
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<c{E) 

+ c{E) l\\\A-^[S{t - r) - 
<c(^) r \\S{t - r)||2||A-i2E||A'5G(r)||2(^^^)dr 

J S 

+ c{E) - r) - S{s - r)]f Ep^G(r)||2(^^^)dr. 

By (2.4), (2.7), (2.8) and (Ga), 

E\\l2{t)-l2{s)f 

' Js 


<ilc{E)\\A-^\\^¥.\\A^Gf 

~ ^ ^ . .J-'3+7-‘^(7(H;A)) 


5^112 


+ c{E)E\\A^G\\ 




t—r 


tnO 


{E)\\A-^fE\\A^G\\ 


<- 




A^ ^ S{u)du 
- s2/3) 


r2P-idr 


213 


+ .;-.c(e)e||Tg||^„ r ( r u^-'au) >-^dr. 


Because 




(512 


u du\ = 


< 


(^2 


(t - s) 
(52 


25 


we obtain that for 0 < s < t <T, 
E\\l 2 {t)-l 2 {s)f 

tlc{E)\\A-^\mA^G\\ 


<- 




(t2/3 _ s 2 /^) 


2/3 

•5= J« 


+ 


dr 


(3.27) 


i2c(ii;)p-5||2Ep^G||2 1 (t2/3-s2/^) 

' 2)5 


+ 


ij 5c(£;)EP^Gf s2/3(^_g^2,5 

2^52 • 
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On the other hand, Theorem 2.11 gives that I 2 is a Gaussian process on 
[0,T]. Thanks to (3.27) and a fact that 5 > f3, Theorem 2.14 applied to the 
Gaussian process I 2 provides that for any 0 < 71 < f3, 

l 2 £C^H[ 0 ,T]-,E) a.s. 

Step 4. Let us verify that for any 0<e<r, 0 < 72</3 + 5 — 1 and 

0 < 72 < u, 

AX = AIi+Al 2 eC'^^{[e,T]-,E) a.s. 

We already proved in Step 3 of the proof of Theorem 3.3 that for any 0 < 
7 < /3 + 5 - 1, 

AI 2 £C^i[0,T]-,E) a.s. 

It suffices to show that for any 0 < e < T, 


Ah eC^{[e,T]-,E) a.s. 

We use the techniques presented in [35]. From the expression 

Ah{t) = AS{t)C+ [ AS{t-r)Fi{t)dt+ [ AS{t - r)[Fi{r) - Fi{t)]dr 

Jo Jo 

= ASm+[I-Sit)]Fi{t)+ [ AS{t-r)[Fi{r)-Fi{t)]dr, 

Jo 

it follows that 

Ah{t)-Ah{s) 

=A[S{t) - S{sM 

+ [/ - smm) - Fiis)] - [5(t - s) - I]S{s)Fhs) 

+ [ AS{t - r)[Fi{r) - Fht)]dr 
J S 

+ [S{t -s)-I] [ AS{s - r)[Fi(r) - Fi{s)]dr 

Jo 

+ [ AS{t-r)[Fi{s)-Fi{t)]dr 

J S 

=A[S{t) - S{s)]C 

+ [S(t - s) - Sit)][Fiit) - Fiis)] - [5(t - s) - I]Sis)Fiis) 

+ AS{t - r)[Fhr) - Fht)]dr 

+ [Sit -s)-I] r AS(s - r)[Fi(r) - Fi(s)]dr, 

Jo 


0 < s < t < T, 
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here we used the equality 

AS{t - r)[Fi{s) - Fi{t)]dr = [I - S{t - s)][Fi(s) - Fi(t)]. 

Hence, 


<\\ASm-ASism 

+ \\[S{t -s)- SmFiit) - + \\[S{t -s)- 


+ 

+ 


l\\AS{t-r)\m{r)-F,{t)\\dr 


[5(t -s)-I] / AS{s - r)[Fi(r) - Fi{s)]dr 

Jo 


—Ji + t /2 + J 3 + J 4 + J 5 , 0 < s < t < T. 


I]S{s)F,{s)\\ 


We give estimates for Jj (i = 1,..., 5) as follows. 

For Ji. By (2.10), G {{0,T]-E). Due to (2.5), 

ji<\\Asmu^iE)it-srsf^—\ 

For J 2 . It follows from (2.5) and (2.8) that 

^2 < 2io||i^l ||j-/3,o-(E)(t — 'S)'^S^ 

For J 3 . Thanks to (2.4), (2.7) and (2.9), 

J 3 <\\[S{t-s)-I]A-m\A-Sis)\m{s)\\ 

For J 4 . By (2.5) and (2.7), 


J4<ii\\Fi\\jrp,.^E)j^{t-ry ^dr 

< ii\\Fi\\jrf3,.^E)sP-‘^-^ {t-rf-^dr 

a 

For J 5 . Due to (2.5) and (2.7), 


<^5 




H5(s 


— r)[Fi(r) — Fi{s)]dr 
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f f A^S{s + u — r)[Fi{r) — Fi{s)]drdu 

Jo Jo 

pt—s ns 

< / \\A^S{s + u — r)\\\\Fi{r) — Fi{s)\\drdu 

Jo Jo 

rt—s rs 

<i2||i^l||jr/3,a(i5) / / (s + «-r)"2(s_r) 

Jo Jo 

=i^2\\Fi\\jrp.a(^E)it-s) [ {t - r)-\s - 

Jo 

=i'2\\Fi\\jrfi,.(^E){t-s) [ {t - s + r)-^r^-\s - rY 

Jo 

=i^2\\Fi\\EP,-(E){t - s) [ {t - s + r)-\^-\s - rY 






- s + - 


+ ''2\\Fi\\eP,<^{E)Y ~ ^) [ Y 
Jo 

The last two integrals can be estimated as 

{t- s) s + r)-V'"-^(s - r)^-^-^dr 

< 2(t — [ [(t — — s + r)“^](s — r 


< 2{t - sYs' 


(J — a 


fis-r 

Jo 


{t - 


A-cr-l 


dr 


and 


{t-s) [\t-s + r)-V'^-^(s - r)^-‘"-idr 

Jo 

poo 

<{t- / (t - s + r) 

Jo 

2 I-/ 3 +- 


-Y<r- 


sin((T7r) 




Thereby, 


Jb < i2 11-^1 ||^/3.<^(E) 


2 I—/3+ct - 


+ — 


.(3 — 0 ' sin((T7r)- 


{t - sfs^ 


^drdu 

^dr 

^-^-^dr 

^-^-^dr 

r)0-a-ldj.^ 

Y-^-^dr 


dr 


In this way, we have 

p/i(t)-A/i(s)|| 
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< 


ll^'S'(-)CII^/3.<^(£;) + | 2 to 

X \\Fi\\tp.-{e) {t-sfs- 
Thus, for any 0 < e < T, 


^ ^1 —CT^fJ _j_ _|_ 


2i2 


+ 


i2 


a 

a ^B—a —1 


? 


a fi — a sin(cj7r) 

0 < s < f < r. 


AheC%[e,T];E). 

Step 5. Let us prove the estimate (3.22). By (2.4), (2.7) and (2.8), 
¥.\\A^X{t)f 

=Ep^[5(t)^+ / S{t - s)Fi{s)ds + [ 5(t-s)G(s)dfT(s)]||2 

Jq Jo 

<3||5(t)fE||#^||2+ 3E [ Af^S{t- s)Fi{s)ds ^ 

Jo 

+ 3E [ A^S{t - s)G{s)dW{s) ^ 

Jo 

<36ge-2"‘E||A^Cf + 3i^E||Fi||^;,,.(^)|| ^ {t - s)-Js^-^ds 

+ 3c{F) [ Ep^,S(t-s)G(s)fds 
Jo 

<362e-2-^E|| + 3i}Bi/3 ,1 - P)‘^E\\F, 

+ 3c(L;) [ ||,S(t-s)fEp^G(s)fds 

Jo 

<3.2e-2.ijEp/3^||2 ^ 3^21 _ ^)2]E||ir^ 


ds 


=362e-2-^E||1 - /3)2 e||Fi 


+ 


3c{F)\\AP-^\\hl 

2f3 


5r^\\2 


EP'^GII 




,2/3 


0<t<T. 


Therefore, (3.22) holds true. 


□ 


3.2. Maximal regularity of mild solutions. Let us present maximal regu¬ 
larity of mild solutions for (3.1). For this study, the spatial regularity of G 
in (Ga) is not necessary. In stead of that, we assume that (Gb) takes place. 
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Theorem 3.5. Let (Aa), (Ab), (FI) and (Gb) be satisfied. Suppose fur¬ 
ther that ^ G 'D{A^) a.s. Then, there exists a unique mild solution X of 
(3.1) possessing the regularity 

A G C"([0,T];£;) a.s.,0<a<fi, 


and 

(i) When (3 > \, for any 0<e<T, i<0</3, 0 < 7 <^ — 6 * and 7 < cr, 

A^X eC'^i[e,T]-E) a.s. 

(ii) When /3 < \, for any 0<e<T, O<0</3, O< 7<0 and 7 < a, 

A^X eC^i[e,Ty,E) a.s. 

In addition, X satisfies the estimate 

(3.28) E\\Af^X{t)f <C[e-^^^E\\A^Cf 

+ E||G||2 ], 0<t<T, 

where C is some positive constant depending only on lq {6 > 0) in (2.7) and 
the exponents, and v is defined by (2.8). 

For the proof, we use the following lemma. 

Lemma 3.6. Let G satisfies (Gb). Put 

We{-)= [ A^S{- - s)G{s)dW{s), 0<9<fi. 

Jo 

Then, the stochastic convolution Wq is well-defined on [0,T]. Furthermore, 
Wo possesses the space-time regularity: 

(i) For any 0 < 9 < fi and 0 < j < fi — 9, 

We eC^{[0,T];E) a.s. 

(ii) When fi >\, for any 0 < e < T, j < 9 < fi and 0 < 7 < ^ — 0, 

WeeCme,T]-E) a.s. 

(hi) When fi < \, for any 0<e<T,0<9<fi and 0 < 7 < 0, 


We€C'^{[e,TyE) 


a.s. 
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Proof. First, let us show that We is well-defined on [0, T]. By (2.4) and 
(2.7), for any 0 < 0 < /3, 


<‘|E||G||= , , f (t - sr^‘ 




(3.29) =i^E||G||2 


B{2P, 1 - 20)t2(/5-'^) < oo. 


0 < t < T. 


Thereby, Wg is a well-defined Gaussian process on [0,T]. 

Since is closed. Lemma 2.12 provides that for any 0 < 0 < /3, 


A^Woit) = Wg{t), 


0<t<T. 


Second, let us verify (i) by using the same argument as in Step 3 in the 
proof of Theorem 3.3 and the expression: 


A^Wo{t) - A^Wois) = / A^S{t - r)G{r)dW{r) 


-L 


[ A^[S{t-r)-S{s-r)]G{r)dW{r), 
Jo 


0 < s < t < T. 


Since the integrals in the right-hand side of the latter equality are inde¬ 
pendent and have zero expectation. 


E\\A^Wo{t) - A^Wq{s 

pt 

=E 

/ S 


A^S{t-r)G{r)dW{r) 

+ E [ A^[S{t-r)-S{s-r)]G{r)dW{r) 

Jo 

<c{E) [\\\A^S{t-r)G{r)f^^H;E)dr 

J S 

+ c{E) [ Ep®[5(t - r) - 5(s - r)]G(r) 

Jo 

<c(E) rp'^5(t-r)fE||G(r)||2(^^^)dr 

J S 

+ c{E) f \\A^[S{t-r) - S{s-r)]fE\\G{r)f^^fj.^dr 

J 0 


\'^(H-,E)d''^ 
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=c{E) rp^5(t-r)||2E||G(r)||2(^^^)(ir 

J S 


+ c{E) 



t—r 


A^+^S{u)du E\\G{r)f^^H-,E)dr, 0<s<t<T. 

Therefore, (2.4), (2.7) and (2.8) give 
E\\A<^Wo{t) - A<^Wo{s)f 

(3,30) 




+ c{E)E\\G\W^r 


— r) r 

t—r 


\\A^+^S{u)fdu) r^P-^dr 


<c(£)4E||0|I5^,, . J\t - r)-“(r - e^-'dr 


s , rt—r 




=c{E)4E\\G\\\. 

K J 6 W 


J\t-r)-^^{r-sf^-^dr 


=c(E)iiE||G||^„. B(2f(, 1 - 2»)(t - »)2(0-<» 


+ c(E)i2 E||G||2 

i+y 11^,3+^, 

X 0 < s 


[ ( [ u-^-^duY 

lo ^Js-r 


The last integral is evaluated by dividing —9 — 1 as —6 — 1 = —/3+I3 — 6 — 1 


t—r 


u ^ ^du ) < 


(s — r) dyP ^ ^du 

-2fl[(^-0 ^“^-(s-0^“T 


L 

= {s- r)-^d 
<{s-r) 


iP-ey 


W-s)-^ 


Hence, 


Ep''H^o(i)-7l''Tyo(s)||' 


2Tiriix^ii2 H(2/3,l - 26»)(t - 


Me)4e\\g\\ 
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+ 


c(E)i2 ]E||G||2 




(3.31) < 5(2/?, 1 - 26) 

5(2/3,1-2/3) 


+ 


(/? - 0)2 J 

0<s<t<T. 

On the other hand, by Theorem 2.11, A^Wq is a Gaussian process on 
[0,5]. Combining this with (3.31), we apply Theorem 2.14 to A^Wq. So, for 
any 0 < 0 < /3 and 0 < 7 < /3 — 0 , 

Wg eC^{[0,T]-,E) a.s. 

Third, let us prove (ii). Let 0 < e < 5 and \ < 0 < j3. We use again 
(3.30). For e < s < t < T, 




EU^Woit) - A^Wo{s)\\^ 

+ l‘ (£' 1|.4-»S(.) ||<i„) 




2Tirll/^l|2 ^2/3- 


<c(5)t2E||G|h.,i.. . ..e 


' I’it-r) 


-29 


dr 


( [ u-^-^dnYr'^f^-^dr 

^ J s—r ' 


+ c(5).£,E||G||' 


J-^+3’-(7(H;£:)) Jo 


c{E)i:jE\\G\W. e2/3-i(t-s)i-2'^ 


1 - 20 


+ 


0 ( 5)^2 ^ 11(7112 , 

V J 1+0 


02 


(3.32) < 


X f [{t — r)^ — {s — r)^]"^(t — r) ^^(s — r) ^dr 

Jo 

c(5)i2e||G||£^i e2^-i(t-s)i-2'5 


1-20 


c(5)i2^,E||G|| 


+ 


:r/5+2'-(7(/l;E)) 


{t - s) 


29 


02 










38 


TON VIET TA 


Jo 

Let 0 < ei < min{l — 26,1 — 2/3}. Since 1 — 40 — ei < 0 and ei + 20 — 1 < 0, 

{t — r)~^^(s — 

/o 

= rit- - r)-^^r^^-^dr 


X 


f 


<{t- [\s - ry^-^r^^-^dr 

Jo 

= {t- sy-^^-^^B{2y, ei)s2^+"i-^ 

< B{2f3,ei)e^^+^^-yt - 


e < s < t < T. 


Therefore, 


Ep^TTo(i) - A'^Wois) 

c{E)ijE\\G\y , e‘^f^-^{t-s) 


1-29 


1 - 20 

c(E)+„B(2/3, 


+ 


X {t — s)^ 


02 

e < s < t < T. 


Theorem 2.14 applied to the Gaussian process A^Wq yields that for any 
u 
2 ’ 

Wg = A^WoeC^{[e,Ty,E) a.s. 


0<7< 1-0-- 


Since ei is arbitrary in (0,min{l — 20,1 — 2/3}), we conclude that for any 

0 < 7 < ^ — 0 , 

Wg = A^Wo GC^{[e,T]-,E) a.s. 

Finally, let us prove (hi). Let 0 < e < T and 0 < 0 < /3 < |. The 
integral in the right-hand side of (3.32) can be estimated as follows. For 
e < s < t < T, 




_+- 20 +_+- 2 V/^- 


^dr < [ {s- r)-^^r^^-^dr 

Jo 

= s‘^^-‘^^B{2/3 ,1 - 40) 

< max{e^^“‘^^r2^“^®}.B(2/3,1 - 40). 
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Combining this with (3.32) yields that 
E\\A^Wo{t) - A^Wo{s)f 


c{E)4E\\G\\ 


<- 


r 






1-20 


c(E).?+,max{e2/^-4^r2/3-4^'}i?(2/3,l -4/3)E||Gf 

02 

X {t — s)^®, e < s < t < T. 

Again, we apply Theorem 2.14 to the Gaussian process A^Wq- Then, (iii) 
follows. It completes the proof of the theorem. □ 

Proof for Theorem 3.5. In Step 2 of the proof of Theorem 3.4, we 
already proved that 

ii ec^([0,r];p;). 


where /i is defined by (3.3). By choosing 0 = 0 in Lemma 3.6, for any 

0 < a < ,0, 

VLo GC“([0,r];E) a.s. 

The process A = Ii + Wq is hence a mild solution of (3.1) in the space 

A G C"([0,r];.E) a.s. 


for any 0 < a < /3. Note that the uniqueness of solution is obvious. 

On the other hand, in Step 4 of the proof of Theorem 3.4, we verified that 
for any 0 < e < T, 

A/iGC"([e,r];E). 

As a consequence, for any 0 < e < T, 

A^h = A^-^Ah G C^{[e,T]-E). 

Combining this with Lemma 3.6, it yields (i) and (ii). 

Let us finally verify the estimate (3.28). It is easily seen from Step 5 of 
the proof of Theorem 3.4 that 

E\\A^Ii{t)f 

+ 1 - /3)2e||Fi , 0<t<T. 

Combining this and (3.29) with 6 = P, we obtain that 
E||A^A(t)f 
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<662e-2"*Ep^ef + 6t^S(/3, 1 - /3)2e||Fi 

+ 2c{E) I^WAf^Sit - s)G{s) f^^H;E)ds 
<6i2e-2-*Ep^Cf + 6i^i?(/3, 1 - /3)2e||Fi 
+ 5(2/3,1 - 2/3), 0<t<T. 

Thus, (3.28) holds true. The proof is complete. □ 


4. Semilinear evolution equations. In this section, we handle the 
semilinear case of the problem (1.1), i.e. F 2 ^ 0 in E. For the convenience, 
let us recall (1.1): 


dX + AXdt = [Fi{t) + E2{X)]dt + G{t)dW{t), 0<t<T, 
X{0) = t 


We first investigate existence, uniqueness and regularity of local mild solu¬ 
tions (Theorems 4.2 and 4.3), and of global strict solutions (Theorem 4.4) 
on the basis of solution formula. We then show regular dependence of local 
mild solutions on initial data (Theorem 4.6). 

It is known that there are two common methods for studying existence 
of local mild solutions to deterministic parabolic evolution equations. The 
first one is to use the fixed point theorem for contractions. By constructing 
suitable underlying spaces and suitable mappings, one can show that these 
mappings have fixed points, which are the desired solutions (see, e.g., Yagi 
[35]). This method is available for stochastic parabolic evolution equations. 
When applied to this kind of equations, local solutions are defined on a non- 
random interval (see Da Prato-Zabczyk [10]). The second one is the cut-off 
function method. A systematic study on local mild solutions for (4.1) using 
this method can be found in Brzezniak [2]. 

We use the first method to prove existence of local mild solutions to (4.1). 
For this purpose, we construct a contraction mapping based on the solution 
formula and prove that the fixed point of the mapping is a unique local 
mild solution to (4.1). In particular, it is shown that the local mild solution 
becomes a strict solution under certain conditions. 


4.1. Mild solutions. This subsection proves existence of local mild solu¬ 
tions to (4.1) and show their regularity, provided that either (Ga) or (Gb) 
takes place. First, we consider the case where (Ga) holds true. Let fix rj, /3, a 
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such that 

Jmax{0, 2r] — ^} < /3 < r], 

|0 < cr < /? < ^. 

Assume further that 

(F2a) F 2 : E and satisfies a Lipschitz condition of the form 

11 ^ 2 ( 3 ;) - F 2 {y)\\ < cf 2 \\A'^{x - 2 /)II a.s., x,y e V{A^) 

where > 0 is some constant. 


Remark 4.1. In [2], Brzezniak presented a sufficient condition, say a 
locai Lipschitz condition (1.4) on F 2 , for existence of local mild solutions to 
(4.1). The author used the cut-off function method to show that local mild 
solutions are defined on an interval [0,tioc}, where tioc is a stopping time. 


Theorem 4.2. Let (Aa), (Ab), (FI), (F2a) and (Ga) be satisfied. As¬ 
sume that ^ G T>{A^) a.s. such that E||A^^|p < 00 . Then, (1.1) possesses a 
unique local mild solution X in the function space: 


X G C^i[e,Ti,,]-V{A^))nC{[0,Tioc];V{Af^)) a.s. 

for any 0 < e < Tioc, 0 < 7 < min{/3 + 6 — 1,\ — y, — 7 }, where 
Tioc is some positive constant in [0, T] depending only on the exponents, 
E||F2(0)f, , andE||A^G|p 1 Furthermore, 

X satisfies the estimates 


(4.2) 


E||A^A(t)||2 <C[E||A^elP+IE||Fi||^,,.(E)][l + i'^'“’'^] 
+ CE||A^Gf„ 

+ CE||F2(0)||72(i-^) 


0 <t < Tioc, 


and 


(4.3) E||A^A(t)f <C'E||F2(0)||72(^"^) 

+ C[E||A^ef 


+ C 


sup 

L 0<t<oo Jo 
<5^l|2 


/ 

> Jo 


^-2u(t-s)^2y-1^^^^2il+y-2n) 


xEllA-'Gll^^i 


0<t< Tioc 


with some C > 0 depending only on the exponents. 
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Proof. We use the fixed point theorem for contractions to prove exis¬ 
tence and uniqueness of a local mild solution. 

For each S £ (0,T], set an underlying space as follows. Denote by H(S') 
the set of all Fi-valued processes Y on [0, S'] such that P(0) € T>{A^) a.s. 
and 

sup sup < cx). 

o<t<5 o<t<s 

Up to indistinguishability, H(S) is then a Banach space with norm 


(4.4) 



1 

sup sup nAf^Y{t)fY 

^ 0 <t<s 0 <t<s 


Let fix K > 0 such that 

(4.5) y > ^ ^2, 

where Ci and C 2 will be fixed below. Consider a subset T(S) of H(S) which 
consists of all processes Y £ S(S) such that 

(4.6) maxi sup sup nA^Y{t)f\<K\ 

[o<t<5 0<t<5 J 

Obviously, T(S) is a nonempty closed subset of E(S). 

For Y £ T(S), define a function ^Y on [0, S] by 

(4.7) ^Y{t)=Sm+ f S{t - s)[Fi{s) + F 2 {Y{s))]ds 

Jo 

+ [ S{t- s)Gis)dW{s). 

Jo 

Our goal is then to verify that $ is a contraction mapping from T(S) into 
itself, provided that S is sufficiently small, and that the fixed point of is 
the desired solution of (1.1). For this purpose, we divide the proof into six 
steps. 

Step 1. Let Y £ T{S). Let us verify that 


G T(y. 

For (3 < 0 < ^, (4.6) and (4.7) give 
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+ [ A^S{t-s)[Fi{s) + F 2 {Y{s))]di 

L Jo 

[ A^S{t- s)G{s)dW{s) 

Jo 

<3^2(0-/?) ||^0-/I^(^)||2gp/3^||2 
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2 i 




A^S{t - s)Fi{s)ds 




f A^S{t - s)F 2 {Y{s))d. 

Jo 

On account of (2.4), (2.7) and (2.8), 

^2(0-/3)Ep0^y(^)||2 

<3tt^Ep^Cf + - s)-^sf^-^ds 






- S 


\-e 


||F 2 (y(s))||ds 


1 2 


+ 


1 2 


3c(E)t2(^-/3) \\A^-^f\\Sit - s)\MA^Gis)f^^H.^E^ds 

<3ij_^E\\A^a^ + - s)-^s^-^ds 

+ [ (t-s)- 2 '^E||F 2 (y(s))fds 

Jo 

=34_pE\\Af^a^ + 6t^E||Fi||^,„.(^)i?(/?, 1 - 9f 

+ [ (t-s)-2'^E||F2(y(s))fds 

Jo 




where 


X{e,f3,i^)= sup f ^- 2 u[t-s)^ 2 P-l^^ 

0 <t<co Jo 

On the other hand, due to (F2a) and (4.6), 


E\\F2{Y{t))f<E[cFjA^Y{t)\\ + \\F2m\f 
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(4.8) <2[c%E\\A^Y{t)f +nF2{0)f] 

(4.9) +E\\F2{0)f], 0<t<S. 

Thereby, 

i2(®-«Ep^$y(t)||2 

+ 6.^E||Fi||^,,.(^)i?(/3,1 - 9f 

+ At - s)-2®[4^k2s 2(^-^) + E||F2(0)||2](is 

JO 

=3.t^E||A^C||2 + 6.2E||Fi||^,..(^)i?(/3,1 - ef 

+ 12.24K2tl+2(^-'?) [\t - 

Jo 

126gE||F2(0)|P 2(1-/3) 

^ 1-20 

+ 3c{E)clx{0, /3, u) 1 

(4.10) =3i^g_0E\\Af^a^ + 64b{/3, 1 - 0)2e||Fi 

+ 12i1c%K^B{l + 2/3 - 277,1 - 20)t2(i+/3-2»7) 

127gE||F2(0)|P 2(1-/3) 

^ 1-20 

We apply these estimates with 0 = 77 and 6 = /3. Put 
Cl =362_^Ep^^f + 6.2 s(/3, 1 - 77)2e||Fi 
+ 3c(C)72y (77,/3, 7 .) f 
C 2 =372EP^ef + 67^i3(/3, 1 - /3)2E||Fi||^,,.(g) 

+ 3c(C)7P(/3,/3,7j)P^-i2Ep^G||^,^i,^^_^^^^^^^, 

and take S to be small enough. By using (4.5), 

(4.12) t'^^^-^^E\\A^<^Y{t)f 

<Gi + 12724^^25(1 + 2/3 - 277, 1 - 277)t2(i+/3-2r7) 
1272e||F2(0)||2 ^^^^_^^ 

1 - 277 
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0<t<S, 


and 


(4.13) E\\A^^Y{t)f 

<C 2 + l2ilc%K^B{l + 2/3 - 2r/, 1 - 2/3)t2(i+/3-2r,) 


1 - 2/3 



We have thus shown that 


max < sup sup E\\A^^Y{t)f } < K^. 

0<t<s J 

In addition, it is clear that 4>y(0) = ^ G V{A^) a.s. Hence, 

4>F G T(5). 

Step 2. Let us show that $ is a contraction mapping, provided S' > 0 is 
sufficiently small. Let Li,y 2 G T(S) and 0 < 0 < i. It follows from (2.7) 
and (4.7) that 

t‘^{s-P)E\\A^[^Yi{t) - 4>y2(t)]f 



f \\A<^S{t-s)\\\\F2{Yi{s))-F2{Y2{smds 
L Jo 

<r2t2(e-/3)]Er [\t - s)-^\\F2{Yi{s)) - F2{Y2{s))\\dsY. 
'-Jo 


Thanks to (F2a) and (4.4), 


^2(0-/3)gp0[^y^(^) _ <^Y2{t)]f 
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- Y2\\l^s)ds 

=c%ilB{l + 2/3 - 27?, 1 - 20 )t 2 (i-^)||yi - y 2 |||(^^ 

<c%4b{1 + 2/3 - 277,1 - 20)52(1-’?) ||yi - yalll/s). 

Applying these estimates with 9 = rj and 9 = P, we conclude that 
||$yi-<hy2|||(5) 

= sup t2(^-/3)E||A’?[$yi(t) - $y 2 (i)]f 
0 <t<s 

+ sup E||A^[$yi(t)-$y 2 (t)]f 
0<7<S 

(4.14) <c% [i^Bil + 2/3 - 277,1 - 2/?) + i}B{l + 2/3 - 27?, 1 - 2/3)] 

x52(i-’?)||yi-y2|||(5)- 

Therefore, $ is contraction on T(5), provided 5 > 0 is sufficiently small. 

Step 3. Let 

(4.15) 0 < 7 < min |/3 + (5 - 1, ^ - 77 , ^ - t?! . 

Let us prove existence of a mild solution X to (1.1) on [0, 5] in the function 
space 

(4.16) X €C"'{[€,S]-,V{A^))nCi[0,S];V{A^)) a.s. 

for any 0 < e < 5, provided that S is sufficiently small. 

Let 5 > 0 be sufficiently small in such a way that <h maps T(5) into 
itself and is contraction with respect to the norm of H(5). Due to Step 
1 and Step 2, S = Tioc can be determined by the exponents, 
E||F 2 ( 0 )|| 2 ,E||Fi||^^,,^g^ and Thanks to the fixed 

point theorem, there exists X £ T{Tioc) such that X = 4>X. 

It therefore suffices to prove that X satisfies (4.16). For this purpose, we 
divide X into two parts: X{t) = Xi{t) + hit), where 

(4.17) Xiit) = Sm + r + F2iXis))]ds, 

Jo 

and I 2 is defined by (3.15). 

As seen by Step 3 of the proof of Theorem 3.3, 

l 2 {t)+ [ Ah{s)ds= [ Gis)dW{s), 0<t<Tioc 
Jo Jo 
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and h € C'^{[^,Tioc]\V{A)) a.s. 

Let 0 < e < (S'. Since 

C^([0, TiocWA)) c C^([e, Tioc\,V{A^)) n C([0, TiocWA^)), 
what we need is to prove that 

(4.18) eC^([e,Tz,,];P(^'?))nC([0,rzo,];P(^^)) a.s. 

To this end, we use the Kolmogorov continuity theorem. For 0 < s < t < 
Tioc by the semigroup property, 

(4.19) Xi{t)-Xi{s) 

=S{t - s)S{s)^ + S{t - s) r S{s - r)[Fi{r) + F 2 (X(r))](ir 

Jo 

-Xi(s)+ [ S{t-r)[Fi{r)+F 2 {X{r))]dr 
J S 

= [S{t -s)- I]Xi{s) + r S{t - r)[Fi(r) + F 2 {X(r))]dr. 

J S 

Let ^ < p < 1 — r/. Due to (2.4), (2.7), (2.9) and (4.19), 


mx.it) - X,{s)]\\ 

<||[S(t-s)-/]^-niP'^+^Xi(s)|| 


+ 


^‘||A’>S{(-r)||[||Fi(r)|| + ||F 2 (X(r))|||* 


< 


- sY 


A^+P 


s{sY+ r Si. 

Jo 


s - r)[Fiir) + F 2 iXir))]dr 


+ - rmilFiMII + ||F2{X(r))||]* 

p 

+ 0-p(t - sY 

P Jo 

+ r \\AP+PSis - r)||||F 2 (X(r))||dr 

P Jo 

+ L, fit - r)-Y\FYr)\\dr + irj At - r)-’^||F2(X(r)) ||dr 

J S J S 


< 


A-pl'rj+p-^jt s)P 




p 
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^ Ll-pir^+p\\Fi\\^p,^^E){t S)P r 

P Jo 

+ ii-pir,+p{t - sY f\^_^yn-P\\p^^x{r))\\dr 

P Jo 

+ ^^v\\Pi\\tp,-{e) [ {t-r)-^r^~^dr 

J S 

+ i,l\t-r)-^F2{X{r))\\dr 
= ':lz£!2tL£zl\\A^^\\s^-v-P(t - s)P 

^ 0-p^^+pl|i"l l-p-p) 

p 

+ ‘,ITiV<i.*(E)^ (t - r)~’'r^~'dr 

+ - ‘f f\,-r)-'^-''\\F^(X(r))\\dr 

P Jo 

+ .,jf'((-r)-’l||F2(X(r))||<ir. 

Dividing /3 — 1 as /3 — 1 = (r/ + /? — 1) + (/3 — ?] — p), it is seen that 
f {t — r)~Pr^~^dr < f (t — r)~P{r — s)P^P~^s^~P~Pdr 

J S J S 

= B{r] + p, 1 — rf)s^~P~P{t — sy. 

Hence, 


||H^[Xi(t)-Xi(s)]|| 

\\A^i\\s^-p-p{t - sy 
p 


+ 


x\\F4^,,.^Ey^-P-Pit-sy 


+ '-l^Phl+Py - sy [\s - r)-P-P\\F2{X{r))\\dr 
P Jo 

+ Lrjf {t - r)~P\\F2{X{r))\\dr, 0 <s<t<Tioc. 

J S 

Taking expectation of the square of the both hand sides of the above 
inequality, it follows that 
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<- 




i-p v+p-P 






+ 4 


tl-pLrj+pB{P,l - V - P) , 
-+ LpB{r] + p,l-p) 




^{E) 

4^2 ^2 ps 

+ - s) 2^E / (s-r)-^-^||F2(X(r))||dr 

'-io 


+ 4i2E 


-r)-^\\F2{X{r))\\drY 

S 


I> 


0 < s <t < Tioc- 


Since 


" [\s-r)-^-qF2{X{rmdrY 
-Jo 

= [ {s - r)~^ {s - r)~^\\F 2 {X{r))\\dr 

L Jo ^ 

< [\s-r)-^-Pdr [\s - r)-^-P\\F 2 {X{r))fdr 

Jo Jo 

[\s-r)-P-P\\F2{X{r))fdr 

Jo 


l-77-p j-s 


l-p-p, 


and 


[\t - r)-^||F 2 (X(r))||drj " < {t - s) [\t - r)-^P\\F 2 iXir))fdr, 
J s J S 


we have 

(4.20) E\\AP[X,{t) - X,{s)]\\ 

4i?_..2 


<- 


l-pC?+p-/3 


P" 


E\\A^^fs‘^^^-P-p\t-sfP 


+ 4 


l-n- P) ^ + f.p-r,f 


+ ^ {t - s)^Ps^-P-P [\s - r)-P-PE\\F 2 {X{r))fdr 

P^A-V-P) Jo 

+ 4.2(t - ,) J\t - r)-^PE\\F 2 {X{r))fdr. 
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Two integrals in the right-hand side of (4.20) can be estimated as follows. 
Thanks to (4.9), 

[\s - r)-^-PE\\F 2 {X{r))fdr 

Jo 

<2 [\s - + E\\F 2 { 0 )f]dr 

Jo 

(4.21) =2c1^k^B{1 + 2/? - 2?7,1 - 7? - 

2E\\F2{0)fs^-^-P 


+ 


l-r]-p 


and 


fit - r)-^PE\\F2{X{r))fdr 

J S 

j\t-r)-^P[c%K^r^<^J-P^+E\\F2i0)f]dr 


(4.22) 


< 2 


= 2c%k'^ 


f(t - r)-2v2(/5-^)dr + 

Js l-2p 




The latter integral can be evaluated by dividing 2(13 — p) as 2((3 — p) = 

“ 5) + (^ + /^ “ ^T/) : 

pt pt 

/ (t — dr < / (t — r)~'^P(r — s)J~2t2~^J~‘^Pdr 

J S J S 

(4.23) 

By virtue of (4.20), (4.21), (4.22) and (4.23) 

E\\AP[X^{t) - X,{s)]f 


= B(^ + /3,1 - 2p)t^+J-‘^Pit - 


<- 


^-p v+p-d 


E\\AJ(fs‘^^J-^-p\t-s)^P 


-h4 




+ 

p-[i- 

, 8 .f_, j^,E||T,( 0 )f ,)27>,2a-„-.) 


8il_pil+pC%K^Bil + 2P-2p,l-V-p) _ 2p^2{l+P-2rj-p) 

p^(l-p-p) 

87?_,.2^,E||T2(0)f 


p2(l-7y-p)2 
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+ + / 3,1 - 

84E||F2(0)f 


+ 


.(i _s)2(l-»?)^ 


1 - 2r] 

In particular, 

E\\A^[X,{t) - X,{s)]f 


0 < s <t < Tioc- 


<- 


4^2 '2 


1-p r?+p-/3 




Ep/3^||2g2(/3-r,-p)^^_^)2p 


+ 4 




xE||Fi||^,,.(^)e2(/3-'7-^)(t-s)2p 

8 ii-p^^+pc| 2 K 2 _B(i + 2/3 - 2r/, 1 - r/ - p) 


+ 


p2(l -ry-p) 

X max{e2(i+l^-2'7-p),Tfj^i+^-2^-^)}(t _ s)2p 


8i 


+ 


l-p^rj+p 


.e||F2(0)|P 


p2(l -7y-p)2 




+ + /3,1 - 2rj)Tt^ 

8r2E||F2(0)||2 


+ 


1 - 2t] 


.(t_s)2(l-’?), 


e < s <t <Tio 


Since this estimate holds true for any ^ < p < l — rj, and since 1 < | + /3 — 
2p < 2(1 — p), Theorem 2.13 provides that for 0 < a < min{i — p, — p} 

X,GC^{[e,Tioc]-MA^)) a.s. 

As a consequence, by (4.15), 

(4.24) XieC^{[e,Tioc];V{A^)) a.s. 

Since A^Ai = A^~'^A^Xi, A^Ai is continuous on (0,T;oc]- 

It remains to prove that A^Ai is continuous at t = 0. We already know 
by Step 1 of the proof of Theorem 3.4 that the process 

A^S(-)e+ [ S{--s)Fi{s)ds 

Jo 

is continuous at t = 0. Meanwhile, (2.7) and (4.9) give 

rt 2 


E 


AJ [ S{t - s)F2iX{s))di 
Jo 
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<e[ / P^5(i-s)||||F2(X(5))||ds 
L Jo 

<l}e\ [\t-s)-^\\F,{X{smdsy 

'-Jo J 


< ip 


(4.25) 


t [ {t - s)-^^E\\F2{X{s))fds 
Jo 

<2ilt [ {t - +E\\F2{0)f]ds 

Jo 

= 2ilc%K^B{l + 2^-2r],l- 2/3)t2(i-'?) 


2pnFmf 

1 - 2/3 


Therefore, there exists a decreasing sequence {t„, n = 1, 2,3,... } converging 
to 0 such that 


a.s. 


r^n 

lim / S{tn — s)F 2 {X{s))ds = 0 

n-^oo Jq 

By the continuity of S(- — s)F 2 (X(s))ds on {0,Tioc], it implies that 
limA^J S{t — s)F2{X{s))ds = 0 


ct . S ., 


i.e. Ad j;^S{--s)F 2 {X{s))ds is continuous at t = 0. In this way, we conclude 
that 


AdXi =A^[,S(-)C+ [ S{-- s)Fi{s)ds 

■Ad [ S{- - s)F 2 {X{s))ds 
Jo 


+ . 

is continuous at t = 0. 

Step 4. Let us prove the estimate (4.2). We have 

ft rt 


Adx{t) =Ad\s{t)^+ [ S{t-s)Fi{s)ds+ [ S{t - s)G{s)dWis) 
L Jo Jo 

+ Ad [ S{t-s)F 2 {X{s))ds 
Jo 


(4.26) =Adx^{t)+Adx^{t), 


0<t< Tioc- 


On account of Theorem 3.4, it is easily seen that 
E\\AdXs{t)f <p,[E\\Ad^f 
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+ ep'5g|| 


T‘ 


■/3+-4,c 






0<t< Tioc, 


where pi is a positive constant depending only on the exponents. Mean¬ 
while, (4.11) and (4.25) give that there exists P 2 > 0 depending only on the 
exponents such that 

+ P2E||F2(0)ft2a-«, 0<t<Tioc. 


Thus, 


E\\A^X{t)f <2E\\A^X3{t)f + 2E||M^X4(t)f 

+ CW,\\A‘Gf 

0<t< Tioc, 


+ CE||F2(0)ft2(i-/3), 


with some C > 0 depending only on the exponents. 

Step 5. Let us prove the estimate (4.3). By using (2.4), (2.7), (2.8) and 
(4.5), 

E\\A^X{t)f 


=E 


+ 


A^S{t)^+ [ A^S{t- s)Fi{s)ds+ f A^S{t-s)G{s)dWis) 
Jo Jo 

[ A^S{t - s)F 2 {X{s))ds ^ 

Jo 

f\\A^S{t-s)\m{s)\\ds 
Jo 


<4E||T’'5(t)^f + 4E 


1 2 


+ 4e[ f\\A^S{t-s)\miXismd. 

'-Jo 

+ 4c(^) j\\\A^-^S{t - s)f\\A^G{s)f^^H;E)ds 


[\t- s)-'^sf^-^ds'^ 
Jo 


+ 4i;E 


^\t-s)-^F2{X{smd, 

Jo 


1 2 
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+ 44 i?(/ 3,1 - r?)E||Fi 

+ Ailt [\t-s)-^m\\F2{X{s))fds 
Jo 


-2(/3-r?) 


+ 


Ac{E)Ll\\A^-^fE\\A^Gf 




X sup / 0 <t<Tioc. 

0<t<oo Jo 

On account of (4.9), 

Aih [\t - s)-^^E\\F 2 {X{s))fds 

Jo 

<8ih [ {t - +E\\F 2 iO)f]ds 

Jo 


=8i 


2 c%^B(l + 2/3 - 27?, 1 - 2r?)t2(i+/5-2'?) + ^^^^2(1-,) 


Therefore, 


EHA^X(t)f 

<A[il_pE\\APif + ilBiU, 1 - 7?)E||Fi||^,,.(g)]f2(/3-0 


+ 8ii 


c%K^Bil + 2/3 - 27?, 1 - 2r?)t2(i+/5-2^) + ^ 2 ( 1 -,) 

^ 1 — 2?7 


0 < t < T/oc- 


7-7 


X sup 
0<t<QO Jo 


In view of (4.5) and (4.11), it is easily seen that there exists C > 0 depending 
only on the exponents such that 

E\\A^X{t)f 

<C[E||T^ef + CE||F2(0)ft2(i-^) 


+ C[ sup / e 

0<t<oo Jo 
2 


X 




-2u{t-s) ^215-1^^ ^2(l+/3-2r7)| 

0 < t < Tioc- 


Thus, (4.3) has been verified. 
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Step 6. Let us prove uniqueness of local mild solutions. Let X be any 
other local mild solution to (1.1) on the interval [0,Tioc] which belongs to 
the space E{Tioc)- 
The formula 

X{t) = S{t)^+ f S{t-s)[F 2 {X{s)) + Fi{s)]ds+ f S{t-s)G{s)dW{s) 
Jo Jo 

jointed with 

X{t) = S{t)^+ f S{t-s)[F 2 {X{s)) + Fi{s)]ds+ f S{t-s)G{s)dW{s) 
Jo Jo 

yields that 

X{t) - X{t) = f S{t - s)[F2(X(s)) - F2(X(s))]ds, 0 < t < Tioc. 

Jo 

We can then repeat the same arguments to Step 2 to deduce that for 
0 < T < Tioc, 

(4.27) 

<c% + 2/3 - 277,1 - 2r?) + + 2/3 - 27/, 1 - 2/3)] 

Let r be a positive constant such that 

c% [ilBil + 2/3 - 277,1 - 2r7) + 7^5(1 + 2/3 - 2?/, 1 - 2/3)]f < 1. 

Then, (4.27) implies that X = X a.s. on [0,T]. 

Repeating the same procedure with initial time T and initial value X{T) = 
X{T), we derive that X{T +1) = X(T Ft) a.s. for 0 < t < T. This means 
that X = X a.s. on a larger interval [0, 2T]. 

We continue this procedure by finite times, the extended interval can 
cover the given interval [0,Tioc]- Therefore, X = X a.s. on [0,Tioc]- Thanks 
to the continuity of X and X on [0,Tioc], they are indistinguishable. □ 

Next, we consider the case where (Gb) holds true. Assume further that 
(F2b) F 2 : 'D(A^) —>■ E satishes a Lipschitz condition of the form 

\\F 2 ix) -^ 2 ( 77)11 < CF 2 \\A^{x-y)\\ a.s., x,y G V{AJ), 


where > 0 is some constant. 
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Theorem 4.3. Let (Aa), (Ab), (FI), (F2b) and (Gb) he satisfied. As¬ 
sume that ^ € T>{A^) a.s. such that E||A^^|p < oo. Then, (1.1) possesses a 
unique local mild solution X in the function space: 

X € C^[€,Ti,f[-V{Af^))nC{[0,Tio,]-,V{A^)) a.s. 

for any 0 < 7 < min{i —/3, /?}, 0 < e < T and 0 < 0 < fi, where Ti^c is some 
positive constant in [0,T] depending only on the exponents andE||Ti||^^ 

E||F2(0)|P, E||A^^P, E||G||^^^i {HE))' ^ satisfies the es¬ 

timate 

(4.28) E\\A^X{t)f <^11^2(0)11^ 

with some C > 0 depending only on the exponents. 

The proof of Theorem 4.3 is very similar to Theorem 4.2. We then omit 
it. 


4.2. Strict solutions. This subsection studies strict solutions to (4.1). We 
prove existence and uniqueness of strict solutions and show their regularity, 
provided that the condition (Ga) takes place. 

Theorem 4.4 (Existence of strict solutions). Let (Aa), (Ab), (FI), 
(F2a) and (Ga) be satisfied. Letf^ € T>{A^) a.s. such f/iaf E|| < cx). As¬ 

sume further that there exists p > 0 such that F 2 {x) G T>(A^) for x G 'D{A'^) 
and 

(4.29) E[ sup \\APF 2 {x)\\f <00. 

x&V{A'n) 

Then, (4.1) possesses a unique striet solution X on [0,Tioc], where Tioc 
is some positive constant in [0,T] depending only on the exponents and 
E||Fi||^,,,(^), E||T2(0)||2, Furthermore, X 

has the regularity 

X G C^{[e,Tloc\\V{A^))^^C{f),Tloc]■,V{Af^)) a..s. 

for any 0 < e < Tioc, 0 < 7 < min{/3 + 5 — 1, ^ — 77 , — p} with the 

estimate 

(4.30) EpX(f)f <CEUft-^ + GE||Fi||^,,.(^)t2(/3-i) 
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+ CE\\A^Gf i2(/3+5-l) 

+ CE[ sup \\APF 2 {x)\\]h^P, 0<t<Tioc 

x£T>(An) 

with some C > 0 depending on the exponents. 

Proof. Thanks to Theorem 4.2, (4.1) has a unique local mild solution 
X in the function space: 

X €C^([e,Tzoe];^^(4l’?))nC([0,Tz,,];P(^^)) a.s. 

for any 0 < e < Tioc, 0 < 7 < min{/3 + 5 - t/}. 

First, let us show that X is a local strict solution of (4.1). We have 

A:(t) =[5(t)<e+ [ S{t-s)Fi{s)ds+ [ S{t-s)G{s)dW{s) 

^ Jo Jo 


+ 


[ Sit - s)F 2 {Xis))ds 
Jo 


=Xiit)+X2it), 


0<t< Tioc. 


Since all the assumptions of Theorem 3.3 are satisfied, it is possible to see 
that 

(4.31) Xi(t)=^+ [ Fiis)ds- [ AXiis)ds 

Jo Jo 

+ f G{s)dW{s), 0 <t < Tioc, 

Jo 

and by (3.21) 

(4.32) E\\AXiit)f <CE||e||V2 + CE||Fi||^^..(^)t2(/3-i) 

+ GE\\A^Gf fG+i-A 0 < t < Tioc 


with some G > 0 depending on the exponents. 
In the meantime, (2.7) gives that 


f 


P5(t-s)F2(X(s))||ds 


f\\A^-^Sit-s)\\\\APF2iXis))\\ds 

Jo 

J\t-s 
Jo 




sup \\A^F 2 ix)\\ds 

x&'D(A'n) 
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= ^ sup ||A^F 2 (x)||t^ < oo a.s., 0<t<Tioc- 

P x&V{A'n) 

Thereby, JqAS{- — s)F 2 {X{s))ds is well-defined on [0,Tioc\- 
Since A is closed, 

AX 2 = [ AS{t-s)F 2 {X{s))ds, 0<t<Tioc 

Jo 

and 

1^2 

(4.33) E\\AX 2 {t)f < ^E[ sup \\APF 2 ix)\\]H^P, 0<t<Tioc. 

P xeV{A’>) 

Thus, 

= F 2 iX{t)) - [ AS{t - s)F 2 {X{s))ds 

Jo 

= F2{X{t))-AX2{t), 0<t<Tioc. 

This implies that 

(4.34) X 2 {t) = f F 2 {X{s))ds - f AX 2 {s)ds, 0 < t < Tioc- 

Jo Jo 

Combining (4.31) and (4.34) yields that X = X 1 FX 2 is a local strict solution 
of (4.1) on [0,Tioc]. 

Let us now prove (4.30). Since 

]EpX(t)f < 2E\\AXi{t)f + 2E\\AX2it)f, 

(4.30) follows from (4.32) and (4.33). We complete the proof. □ 

4.3. Regular dependence of solutions on initial data. This subsection in¬ 
vestigates regular dependence of local mild solutions on initial data. For this, 
we use the following lemma. A proof of the lemma can be found in [23]. 

Lemma 4.5. Let 6>a>0,//>0 and v > Q. Let f: [0, 00 ) —>■ [0, 00 ) be 
a continuous and increasing function, and [a, 6 ] -A [ 0 ,oo) be a bounded 
function. Assume that 

^{t) < f{t) + f {t — rY~^ip{r)dr, a <t < b. 

J a 

Then, there exists c > 0 such that 
Tit) < c/(t). 


a < s < t < b. 





STOCHASTIC PARABOLIC EVOLUTION EQUATIONS 


59 


Let the assumptions in Theorem 4.2 be satished. Denote by Bi and B 2 
two bounded balls: 


(4.35) 

(4.36) 


= {/ € J-^’"((0,r];E) a.s. such that < i??}, 

B 2 = {g ^ E)) a.s. such that 

G J'^+^’'"((0,r];7(F;E)) a.s. and 




T' 


1 -^2}I 


of the spaces J'^’°'((0, T]] E) and T]; 7(iL; Ei)), respectively, where 

i?i and R 2 are some positive constants. Denote by Ba a set of random 
variables: 


(4.37) Ba = {Q.Q^ V{A^) a.s. and E\\A^Cf < ^1}, 0 < R 3 < 00 . 


According to Theorem 4.2, for every Ei € Bi, G ^ B 2 and ^ € Ba, there 
exists a local mild solution of (4.1) on some interval [0,T/od- Furthermore, 
by virtue of Steps 1 and 2 in the proof of Theorem 4.4, 


(4.38) 


there is a time > 0 such that 

[0,Tb^,B 2 ,Ba] [0,7]oc] for all {Fi,G,^) £ Bi x B 2 x Ba- 


Indeed, in view of (4.12), (4.13) and (4.14), Ti^c can be chosen to be any 
time S satisfying the conditions: 


12.24 ^25(1 + 2/3 - 27,1 - 27)52(1+15-.) + 

h' 1 _ O-n O 


1 - 27 

2l 


12.24^2^(1 + 2/3 - 27,1 - 2/3)52(1+15-2^) + lVi!2|^^2(i-/3) < ^ 

12 ^ 2 


and 


c|j.2s(l + 2/3 - 27,1 - 27) + i}B{l + 2/3 - 27 ,1 - 2/3)]52(i-^) < 1, 

where k is dehned by (4.5) (see also (4.11)). Consequently, Tioc can be cho¬ 
sen being a constant which depends continuously on E||F2(0)||2, E||Al5^||2j 

and Thus, (4.38) follows. 

We are now ready to state continuous dependence of local mild solutions 
on (El, G,^) in the sense specified in the following theorem. 
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Theorem 4.6. Let (Aa), (Ab), (FI), (F2a) and (Ga) be satisfied. Let 
X and X be the local mild solutions of (4.1) on [0,Tioc] and [0,Tioc] for the 
data and {Fi, G, ^) in B 1 XB 2 X Ba, respectively. Then, there exists 

Cbi,B 2 ,Ba > 0 depending only on Bi,B 2 and Ba such that 

(4.39) t^m\\A^[X{t) - X{t)]f + t^^E\\A^[X{t) - X{t)]f 

+ E\\X{t)-X{t)f 

+ E||A '(0 - f “ < * - 


Proof. This theorem is proved by using analogous arguments as in the 
proof of Theorem 4.4. Throughout the proof, we use a notation Cbi,B 2 ,Ba 
to denote positive constants which are defined by the exponents, and B\,B 2 
and Ba- So, it may change from occurrence to occurrence. 

First, we give an estimate for 

- V(()lll" + \\Al>lX{t) - X(()l||"|. 

For 0 < 0 < |, by using (2.4), (2.7) and (F2a), 




ft 


FA^Sim -0 + / FA^Sit-s)[Fiis)-Fi{s)]ds 
Jo 

+ [ t<^A^Sit-s)[F2{X{s))-F2{X{s))]ds 


+ [ t^A^S{t-s)[G{s)-G{s)]dW{s) 

Jo 

— Cll + tellTl — F’i||^/3.<t(£;) f t^(t — s) 

Jo 

+ LeCF2 - s)-^||A’'[A(s) - A(s)]||d, 

Jo 


-^sJ-^ds 


+ 


/ 


FA^S{t - s)[G{s) - G{s)]dW{s) 

{E) 


- Cl + teBifi, 1 - e)\\F, - 


+ ieCF 2 - s)-^\\A^[X{s) - A(s)]||d6 

Jo 


+ 


[ t^A^-^S{t - s)[A''G(s) - A^G{s)]dW{s) 

Jo 


0 <t < Tb.,,b2,Ba- 
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Thus, by (2.8), 

E\\t^A^[X{t) - X{t)]f 




<4i^E||e - Clr + 1 - eyE\\F, - 

' [\t-s)-<>\\A^[X{s)-m]\\ds\' 
'-Jo 

f t^A^-^S{t - s)[^' 5 G(s) - A^G{s)]dW{s) 
Jo 

|2 , A,2T3fa 1 /3\2iTrllz7 ^112 ^2/3 

^(Ey 
ct 

\-26»Trr.|| AV\vt„\ ■V^„MI|2, 


+ 4E 

<AtjEU - Cl" + 4li?(/3,1 - 0)^E||Fi - 

+ 4 l 4 ^t 2 m [\t-s)-'^>^E\\A^[X{s)-X{s)]\yds 
Jo 


/o 

+ 4c{E)il\\A^-^fE\\A\G - G)|| 


Ef^+^-AAH-,E)) 


X / i 2 ee - 2 ^( t -^) 52 / 3 - 1 ^^ 

Jo 

(4.40) <4ijEU - Cl" + ^4b{P, 1 - eft^f^E\\F, - Fi||1,..(e) 
+ 4c(E)1||A®-^"2 


rt 


sup / e 

0<t<oo Jo 


xPeP 1 G-G )||2 +4^2^1^20+1 / 


-20 


xEp^[X(s)-X(s)]fds, 


0 <t < Tb^^b2,Ba- 


Applying these estimates with 9 = (3 and 9 = 7], it follows that 
E\\AP[X{t) - X{t)]f 

<4i2e||C - Cl"t-"^ + 4i^i?(/3,1 - /3)"lE||Ti - 
+ 4 c(E) 1||A®-1|2 snp r 


snp 
0<t<oo Jo 


xE||A 1 G-G)||%^i 
xE||A’?[X(s) - A(s)]|| 2 ds, 


+ 


[ 4 

Jo 


-s)-^P 


0 < t < Tbi,B2,Ba, 


and 


t'^^E\\A^[X{t) - Xit)]f 

<4i2e||C - Cl" + 4i^i?(/3,1 - r])h‘^f^E\\Fi - 

+ 4.c{F)il\\A^-^f snp 

0<t<OG Jo 
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X eiiT(g - +444i^'>+> l\t - 

X EP'?[X(s) - X{s)]fds, 0<t< Tb,,b,,b^. 

By putting 

g{t) = i2’iE|||/l'>|X(() - X(«)]||2 + - X(()1P|, 


we obtain that 


,(t) <4[4"'’>-« + 4]E|ie-ff 

+ 44b(/3, 1 - fifV” + 4b(/ 3, 1 - ,)2t'‘'’]E||Bi - F, 4,,,,^, 

+ 4c(E)i2p®-^||2(i2 ^,2) sup re-2^(‘-^)s2^-l(ist2r, 

0<t<oo JO 

xEP^(G-G)||2 

+ 44t2’>+‘ /‘g(t - + 1^(4 - s)-"”] 

Jo 

xE\\A^[X{s) - X{s)]fds 

<4[.2i2(.-/3)+,2]E||^_^-||2 

+ 4[i2i?(/3,1 - + i2ij(/3,1 - r^)H^^]E\\Fi - F, 

+ 4c{E)Ll\\A^-^f{tl + ^) sup 

0<t<oo GO 

xEP'5(G-G)||2 

+ [ [il{t - s)~^^ + ciit - s)~^'^]s~^'^q{s)ds 

Jo 

(4.41) <CB,,B,,BAni - eiP +- A 11^/3..(^)+ 

xE||T(G-G)||;,,..,^__^^^^J+444='>«/‘|4?(4 


1-2/3 


+ iAt - s) ‘^'^q{s)ds, 


0 < t < Tb^,B2,Ba- 


The integral inequality (4.41) can be solved as follows. Let e > 0 denote 
a small parameter. For 0 < t < e, 


q{t) <CB,,B2,BA[m - 


+ A^E\\aAg - G)\\ 


E'^+^’^G{H-,E)y 
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+ f [i^(t-s) + i^{t - s) sup q{s) 

Jo sG[0,e] 

--Cb,,b,,b^ [E||e - - A WU^^E) 


+ t^mWA^G - G)f ] 

+ ic% [l}B{1 - 2 r 7 ,1 - 2/3)i2(i-« + ,2^(1 -2r],l- 2r?)i2(i-^)] 

X sup q{s) 

s£[0,e] 

<Cb„b„b^ [E||e - + 62 %||Fi - Fi 

+ e^mWA^G - G)f ] 

+ - 2 r?, 1 - 2/3)e2(i-^) + ^ 2^(1 -2r],l- 

X sup g(s). 
sG[0,e] 

Taking supremum on [0, e], it yields that 
{1 - 4c% -2r],l- 2/3)e2(i-« + - 2r?, 1 - 27?)e2(i-'')]} 

X sup q{s) 

s£[0,e] 

< CB„B„BAm - Cf + e'^IE||i"i - A11^,,.(E) 

+ e'^^EWA^G - G)\W. ]. 

If e is taken sufficiently small so that 

(4.42) 4[.|i?(l-27?,l-2/3)e2(i-^)+.2i?(i_2r),l-2r?)e2(i-^)] < 1 
then 

(4.43) sup qis) <CB,,B,,BAm - - FiW^.^e) 

se[0,e] ^ ^ 

+ e^^EWA^G - G)f ]. 

In particular, 

(4.44) q{e) <GB,,B,,BAm - Cf + e^^E\\F^ - Fi||^,,.(e) 


+ e2^EP'5(G-G)||2. , 


Ef^+^’AAH;E)y 


Meanwhile, for e < t < Tbi,B2,Bai 

At) 
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<CB,,B,,BAm - ef + - A 11^/5.. 

+ A^WAAg - G)f ] 

+ 4cL^+^ [ [ilit - s)~‘^^ + iAt - s)~‘^'^]s~‘^'^ds sup q{s) 

Jo 5G[0,e] 

+ j [i^(i - s)“^^ + t^(i - s)~‘^'^]s~‘^'^q{s)ds 

<GB„B„BAm - + t^^nwi - 

+ A'^¥.\\A\G-G)f .. ] 

+ 44jt|5(l - 2r?, 1 - 2/3)t2(i-« + ^ 2^(1 - 2r/, 1 - 27/)t2(i-'?)] 

X sup q{s) 
sG[0,e] 

+ j\il{t - + il]{t - s)-^^e-^\{s)ds 

<GB„B„BAm - 

+ AmWA^G - G)f ^ ] 

+ 4c%[lIb{1 -2r],l- 2 /?)r 2 (i-^) + - 2 ??, 1 - 

X sup g(s) + 44e-2'?r2’'+i[.2r2(^-« + 4] [\t - s)-^\{s)ds. 
sG[0,e] Je 

Lemma 4.5 then provides that 

q{t) <GB,,B,,BAm - A^+t^^MFl - 

+ A^e\\aAg-G)\\\^i ] 

+ 4c%[ilB{l -2r],l- 2 ^)r 2 (i-^) + i‘^^B{l -2r],l- 2q)T^^^-A 

X sup g(s), e <t <Tb^^b 2 ,Ba- 

sG[0,e] 

Thanks to (4.43), 

q{t) <GB,,B 2 ,BAm - + t^^niFl - A 11^/3,.(E) 

+ AmwA^G - G)f ] 


+ GB,,B2,BAm - - A 11 ^,,.(E) 


+ e'^mWAAG - G)\\ 


E^+i‘"(7(//;E))^’ 


€ <t < Tb^,B2,Ba- 
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Hence, 


(4.45) q{t) <C8,,e,,B^[E||{ - flp + f^fEIIFi - FillL..(£) 

+ t^’’E\\A\a - E 

Thus, (4.44) and (4.45) highlight that 

- X {»)]||2 + ||T[X(s) - .?(s)]|| 2 ) 

=Qit) 

(4.46) <CB,,B,,BAm-cf+t^^nFi-mu^iE) 

+ (""eIiTig - o< < < Ta,8,B,. 

Second, let us give an estimate for E||X(t) — X{t)\\‘^. Take 0 = 0 in the 
equality (4.40): 


E\\X{t)-X{t)f 

<4.oE||C - + 4(.oH(/3, - A 


+ Ac{E)iQ\\A 


2|| a-S\\2 


sup 
0<t<oo Jo 


f 

> Jo 




X E||H^(G-G)||%^i 

+ 4.tlc%t f E\\A^[X{s) - X{s)]fds 
Jo 

<4.oE||C - + 4(.oH(/3, ift^^EWFi - A 


+ Ac{E)iQ\\A 


2|| 4-5||2 


sup 

0<t<oo Jo 


f 

> Jo 


-2.(t-.) ^2/3-1^^ 


xE||H^(G-G)||%^i 


+ 


4ioc|’2t [ s ‘^'^q{s)ds. 
Jo 


By (4.46), 

t f s-‘^^q{s)ds <Cb„b„bJ f s-‘^^[EU - + s‘^f^E\\Fi - Fi\\%,, 

Jo Jo 

+ s^^E\\A\G - G)\W. ^ ]ds 


(E) 
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Therefore, 

(4.47) E||X(f)-X(f)f 

< Ce.,e„BjE||{ - f||2 + (2 <’e||Fi - FiII5.,.,(b| 

Thus, (4.46) and (4.47) imply (4.39). It completes the proof. □ 


5. Applications. This section gives some examples to illustrate our 
results. We first present some stochastic PDEs and then formulate them as 
the Cauchy problems for abstract stochastic parabolic evolution equations 
of the form (1.1). We only concentrate on strict solutions to the equations. 


5.1. Example 1 (A neurophysiology model). Walsh [37] proposed a model 
arising in neurophysiology as follows. Nerve cells operating by a mixture 
of chemical, biological and electrical properties are regarded as long thin 
cylinders, which act much like electrical cables. 

Denote by V (t, x) the electrical potential at time t and position x. If such 
a cylinder is identified with the interval [0, L], then V satisfies a nonlinear 
equations coupled with a system of ordinary differential equations, called 
the Hodgkin-Huxley equations. In some certain ranges of the values of the 
potential, the equations are approximated by the cable equation: 


(5.1) 


( dy_ _ (92y _ T B 
dt dx'^ ’ 

< 14: [0, oo) X [0, L] —>■ M, 
> 0, X G [0, Lj. 


Consider (5.1) with an additional external force, called impulses of cur¬ 
rent. Neurons receive these impulses of current via synapses on their surface. 
Denote by F{t) the current arriving at time t, then the electrical potential 
satisfies the equation: 


at 


0-r + m 


V: [0, oo) X [0, L] 
t > 0,x G [0, L]. 
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Suppose now that the current F is perturbed by infinitely many white 
noises. Suppose further that the intensity of each white noise depends sepa¬ 
rately on both position x and time t. In other words, F is perturbed by the 
sum TiJLiej{x)gj{t)Bj{t) of noises, where and are two se¬ 

quences of functions, and {Bj}JLi is a family of independent real-value stan¬ 
dard Wiener processes on a complete filtered probability space (0, F, , P). 

In order to handle the resulting equation, we assume that {ej}^^ is an 
orthonormal and complete basis of some Hilbert space, say F[q] and gj{t) = 
go{t) for all j. It is known that (e.g., [10]) the series converges 

to a cylindrical Wiener process on a separable Hilbert space H 3 Hq, where 
the embedding of Hq into H \s a. Hilbert-Schmidt operator. Denote by W 
the cylindrical Wiener process. This leads to a stochastic partial differential 
equation: 


r dv d‘^V 

dt ^ (9x2 ^ 

+G{t)W{t), 


in (0, oo) X [0, L], 

dV, , dV,^ , 

^(0,t) = —(L,()=0, 

on (0, oo). 

[h(0,x) = Ho(a:), 

on (0, L). 


The first author studied mild solutions to (5.2) in L^([0,L]) (see [22]). Let 
us now handle (5.2) in the Banach space {E, || • ||) = (L^([0, L]), |j • jj^p) for 
some 2 < p < oo. Assume further that 

(Exl.l) For every T > 0, F is measurable from [0,r] to L^'([0, L]) and 
satisfies 

F e for some 0 < a < /3 < ^. 

(Exl.2) For every T > 0, G is square integrable, measurable from [0,r] to 
the space ^(H; LP([0, Lj)) and satisfies 

A^G G F^+i^((0 ,r]; 7(F;LP([0 ,L]))) for some 1 -/3 < <5 < 1, 

where A is the realization of the operator + I in F under the 

Neumann boundary conditions on the boundary {0, L}. 

(Exl.3) Vq is an J-g-measurable random variable. 

It is known that A is a sectorial operator (see [35]). Furthermore, we have 
the following lemma. 
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Lemma 5.1. The operator A is a positive definite self-adjoint operator 
on H with domain 


du 


du, 


V{A) = := {u G HWQ^L]) such that —(0) = —(L) = 0}. 


In addition, the domains of fractional powers A^ < 6 < 1, are character¬ 
ized by 


V{A^) = 


forO <9 <1, 
for I <9 <1. 


Using A, we formulate (5.2) as the Cauchy problem for an abstract stochas¬ 
tic linear equation 


(5.3) 


\dV A AVdt = F{t)dt + G{t)dW{t), 

\U(0) = Uo 

in E. Theorems 3.3 and 3.4 are then available to (5.3). 


0 < t < oo, 


Theorem 5.2. Let (Exl.l)-(Exl.3) be satisfied. Then, there exists a 
unique strict solution V to (5.2). Furthermore, V possesses the regularity 

AV eC{{0,T]-,LP{[0,L])) a.s. 

with the estimate 


mVit)f + t^E\\AV{t)f 

<C|E||F„|p + 


’AAFLp{[o,l]))) 


X 0<t<T 


for any T > 0. In addition, when Vq G V{A^) a.s. and E||^^Vb|| < oo, the 
strict solution V has the maximal space-time regularities 

V G C([0, oo)-,V{A^)) n ([0, oo); LP([0, L])) a.s., 

AV eC'^^i[e,ooy,LP{[0,L])) a.s. 

for any 0<7i</3, 0<72</3-|-(5 — 1 , 0 < 72 <(T and e < oo, and satisfies 
the estimate 


E\\Af^V{t)f <C[e-^''^E\\A^Vof + 


+ ||A^Gf„ t^^], 


0 < t < T 


for any T > 0. Here, C > 0 is some constant depending only on the expo¬ 
nents. 
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5.2. Example 2. Let us generate the equation (5.2). Consider an equation 
of the form 


dX{x,t) ^ d r ^ d li \ \ 


(5.4) 


dt 


Li=i 


+ G{t)W{t) 

X = 0 

(X(x,0) = Xo(x) 


in O X (0, r), 
on do X (0,T), 
in O 


in a bounded domain O C M” with boundary dO (n = 1, 2,...). Here, 
(Ex2.1) Oij G L°°{0,M.) for 1 < f, j < n, and satisfies 

n 

aij{x)ziZj > ao\\z\\‘ir,, z = (21 ,..., z^) G M"", a.e. x G O 

Li=i 

for some oq > 0 . 

(Ex2.2) b G L°°(0,M) and satisfies b{x) > 60 a-e. x G O for some 69 > 0. 


The functions / and are random and non-random real-valued functions, 
respectively, and G{t)W{t) denotes space-time white noise making effect on 
the system. 

To solve (5.4), we formulate it as a problem of the form (3.1). Set the 
underlying space E = H~^{0) = [iL^(O)]', where 

H\0) = {u£H\0)-u\dO = ^}- 


The norm in E is denoted by || • ||. Since E is the dual space of the Hilbert 
space H^{0), E is a Hilbert space. Hence E is an M-type 2 Banach space. 
Assume that 


(Ex2.3) IT is a cylindrical Wiener process on a separable Hilbert space H, 
which is defined on a complete filtered probability space (H, T”, J-),P). 

(Ex2.4) Eor some 0 < u < /3 < ^, 

/ G J-^’"((0,r];M) a.s. and E||/||^,,.(„) < 00 . 

(Ex2.5) <^gH-1(0). 

(Ex2.6) G is an adapted, square integrable process from [0, T] x Q to the 
space 7(H;H“^(0)), which is H-strongly measurable. In addition, 
there exists 1 — j3 < 5 < 1 such that 

A^G G .F^+3’'^((0,T];7(H;H-^(C)))) a.s. 


E||A^G|| 


2 


and 


< 00 . 
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(Ex2.7) Xq is an J'o-msasurable random variable. 
Let ^ be a realization of the differential operator 



in E under the Dirichlet boundary conditions. According to [35], it is known 
that E>{A) = H^{0) and A is a sectorial operator. 

Using A, (5.4) can be written as a problem of the form (3.1) with Fi{t) = 
f{t)ip{x). It is obvious that (Ex2.4), (Ex2.5) and (Ex2.6) imply (El) and 
(Ga) for F and G, respectively. Theorems 3.3 and 3.4 are then available to 
(5.4). 

Theorem 5.3. Let (Ex2.1)-(Ex2.7) be satisfied. Then, there exists a 
unique striet solution of (5.4) in H~^{0) possessing the regularity 

AA G C([0,r];F-^(O)) a.s. 


with the estimate 


E\\X{t)f +t^E\\AX{t)f 

<C|E||X„f + + Ell 

X + 0 < t < T. 


Furthermore, when Xq G T>{A^) a.s. such that E||A^Ao|p < oo, the strict 
solution X has the maximal space-time regularities 

A GC([0,T];P(A^))nCT'i([0,r];/7”^(C))) a.s., 

AX eC^^{[e,T]-H-^{0)) a.s. 

for any 0<7i </3, 0<72</3 + (5 — 1,0<72<it and 0 < e < T, and 
satisfies the estimate 


E||A^A(t)f <G[e-2^*E||A^Aof +Ell/ll 


+ E||A^G||^ 




rl3,<y(H-^{0)) 


0<t<T. 


Here, C > 0 is some constant depending only on the exponents. 
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5.3. Example 3. Consider a nonlinear problem 

^ ■^[aij{x)-^u] + fi{X)+tf^-^f2it)ip{x) 
i,j=l ^ * 

+ t^-^g{t)W{t) inM"x(0,r), 

X(x,0) =Xo(x) inM”. 

(Ex3.1) VE is a cylindrical Wiener process on a separable Hilbert space H, 
which is defined on a complete filtered probability space 
(Ex3.2) aij G for 1 < i,j < n. In addition, there exists oq > 0 

such that 

n 

aij{x)ziZj > ooII.^IIk'I) -s = (-21, ■ ■ ■, Zn) G K"", a.e. x G M”. 

Lj=i 

(Ex3.3) (/? G H~^(ME) and fi is measurable function from a domain 
of to M. 

(Ex3.4) /2 G C'"([0,r];M) and g G {R^))). In addition, 

/2(0) = 0 and S'2(0) = 0 for some 0 < a < f3 < ^. 

(Ex3.5) Xq is an J^g.^ieasurable random variable. 

Let ^4 be a realization of the differential operator — Yl7j=i + 

1 in {E, II • II) = II • ||//-i(Rn)). Thanks to [35, Theorem 2.2], the re¬ 
alization ^ is a sectorial operator of with domain T>{A) = 

As a consequence, (—A) generates an analytical semigroup on 

Using A, the equation (5.5) is formulated as a problem of the form (4.1) 
in the Hilbert space where Fi,F 2 and G are defined as follows. 

The functions Fi: (0,r] ^ and G : (0,T] ^ 'y{R; R-^{M.^)) are 

defined by 

Fi(t) = t^-^f2{t)ip{x), G{t) = tf^-^g{t). 

Remark 2.1 provides that 

El G J'^’'"((0,r];Er-^(M")), G G .^^+^’*"((0, Tj; 7(77; (M"))). 

In the meantime, F 2 is defined by 

F2{u) =u + fi{u). 


(5.5) 

Here, 


Assume further that 
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(Ex3.6) For some c > 0 and max{0, 2?] — ^} < /3 < 77 , = V{A'^) and 

\\fi{u) - fi{v)\\ < c\\A^{u - 7 ;)||, u,v € V{A'^). 

It is easily seen that the assumptions (Aa), (Ab), (FI), (F2a) and (Ga) 
are satished. According to Theorem 4.4, we have the following theorem. 


Theorem 5.4. Let (Ex3.1)-(Fx3.6) be satisfied. Suppose further that 
there exists p > 0 sueh that 

E[ sup ||A^F 2 (x)||]^ < 00 . 
xe.'D(A'i) 

Let Xo G P(A^) a.s. such that E||A^Ao|p < 00 . Then, (5.5) possesses a 
unique local strict solution X on some interval [0, T/oc] ■ Furthermore, X has 
the regularity 

X G C^{[e,Tioc\]V{A'^))FC{[t),Tioc\,V{Af^)) a.s. 

for any 0 < e < Tioc, 0 < 7 < min{/3 + 5 — 1 , ^ — 77 , — 77 }, and satisfies 

the estimate 


E||AA(t)f <C'E||Xo||V2 + C-||Fi||^,,.(^_i(«„))t2(/3-i) 

+ C\\A^Gfg,, i2(/3+5-l) 


+ C[ sup \\APFfix)\\ft^P, 

x&V{An) 


0 <t < Tioc, 

where C > 0 is some constant depending on the exponents. 
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